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A lateral/directional flight dynamics model which includes airframe flexibility is de-
veloped in the frequency domain using system-identification methods. At low frequency,
the identified model tracks a rigid-body (static-elastic) model. At higher frequencies, the
model tracks a finite-element NASTRAN structural model. The identification technique is
implemented on a mid-sized business jet to obtain a state-space representation of the air-
craft equations of motion including two structural modes. Low frequency structural modes
and their associated notch filters impact the flight control frequency range of interest. For
a high bandwidth control system, this frequency range may extend up to 30 rad/sec. These
modes must be accounted for by the control system designer to ensure aircraft stability is
retained when a control system is implemented to help avoid aeroservoelastic coupling. A
control system is developed and notch filters are selected for the developed coupled air-
craft model to demonstrate the importance of including the structural modes in the design
process.

Nomenclature

β Sideslip angle
ζdr Dutch-roll damping ratio
ζstrn Damping ratio of structural mode n
ηδn Control derivative for structural mode n
ηstrn,η̇strn,η̈strn Displacement, rate, acceleration for structural mode n
ηvn,ηpn,ηrn Rigid-body coupling terms for structural mode n
φ Roll attitude at aircraft CG
Φyn Influence coefficient at sensor y for structural mode n
ωdr Dutch-roll frequency
ωstrn Frequency of structural mode n
p Roll rate at aircraft CG
r Yaw rate at aircraft CG
Ts Spiral mode time constant
Tr Roll mode time constant
v Lateral velocity at aircraft CG
yw Wing semi-span
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I. Introduction

Modern aircraft designs incorporate weight saving features which often lead to low frequency structural
modes. As these structural modes decrease in frequency, they begin to impact the frequency range of

interest for flight control. This frequency range generally extends from 1/5 to 5 times the crossover frequency
and may approach 30 rad/sec for high bandwidth control systems.1 It is critical that the flight control system
designer be aware of and account for these modes during the control system design process. The presence of
these modes can have a significant impact on both aircraft stability margins and closed loop performance.

In-flight frequency sweeps have been used to identify flexible aircraft models.2,3, 4, 1 Time domain iden-
tification has also been performed on flexible wing gliders.5,6 However, flight data is not available during
the aircraft design process so predictive models must be used. During the initial stages of aircraft design
flight dynamics models are generally available for control system development and finite-element models
are available to assess the structural design. Ground vibration test models may also be used if a detailed
structural model is not available. The flight dynamics and structural models must be combined in order to
obtain an integrated high-fidelity linear model valid over a broad frequency range. The identified structural
model can then be validated directly against flight data when the aircraft enters flight testing.

This paper presents the coupling of a rigid-body aircraft model with a finite-element NASTRAN structural
model using system identification methods. The resulting hybrid-flexible model accurately includes flight
dynamics and the first two structural modes up to 30 rad/sec. Higher frequency modes are still critical
from a flutter perspective, but have minimal impact on the flight dynamics characteristics of an aircraft.
These modes have sufficient frequency separation from the flight control system such that the coupling is
negligible. The rigid-body aircraft model is derived from wind-tunnel data and known mass properties to
give an accurate representation of the low frequency dynamics. The finite-element model is not accurate at
low frequency, but captures the structural modes and sensor responses due to structural motion.

The combined hybrid-flexible model can be used for optimal notch-filter design or for active control of
structural modes. If a state-space model including structural modes is available during the design process,
notch filters may be configured independently for each mode’s worst case excitation, minimizing the associ-
ated phase degradation at lower frequencies. Stability requirements at and above structural frequencies may
be included and met during the initial design stage, reducing the iterative “tuning” associated with a flight
control system once a rigid-body design is complete. Notch filters for modes higher than 30 rad/sec have a
large frequency separation from, and may be sized without impact on, the flight dynamic characteristics of
the aircraft. The identification procedure can also be used to analyze the impact of moving sensor locations
in the aircraft.

The objective of this paper is to show the development of a business jet flight dynamics model that
is accurate over a broad frequency range and includes effects of structural modes below 30 rad/sec. The
model is determined using system identification techniques in the frequency domain. A comprehensive set
of input/output pairs are used to ensure the model is accurate for different responses at varying sensor
locations. A representative control system is also developed that compares the stability and closed-loop
response of the rigid-body and flexible models to demonstrate the importance of structural modes in the
design process. The frequency scales are suppressed throughout the paper due to the proprietary nature of
the data.

II. Aircraft Description

The example aircraft used herein is a mid-sized business jet. The aircraft has a maximum cruise speed
of approximately 500 KTAS, and a seating capacity of eight passengers. The nominal model developed
is for a lightly loaded Mach 0.8 cruise flight condition. Along with a nominal loading and speed case, an
off-nominal case is also considered. The structural responses for the nominal and off-nominal models are
compared with responses over the entire flight envelope in Fig. 1. These cases help ensure the model structure
and identification methods are adequate over the entirety of the flight envelope. The careful selection of
the nominal and off-nominal cases to span the flight envelope can significantly reduce the number of flight
conditions that need to be verified to meet stability requirements. There is currently a large array of dynamic
pressure, Mach number, and loading configurations that are tested to ensure stability. The reduction of this

2 of 27

American Institute of Aeronautics and Astronautics



array of responses could result in time savings during the control design process and flight test.
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Figure 1. Yaw response comparisons at structural frequencies over all flight conditions

III. Background on Modeling and Control of Flexible Aircraft

Passive control of structural modes through the use of notch filters is generally adequate to reduce
structural excitation and ensure stability of structural modes. Nearly all modern aircraft include notch filters
on the dominant structural modes for each axis. Notch filters on structural modes with low frequencies may
reduce stability margins at the flight dynamics frequencies.

Structural modes may also be actively controlled provided the requisite mode sensing is available. Mod-
ern large transport aircraft include active structural mode control for ride quality improvements in turbu-
lence.3,7, 8 The models used for the control synthesis were identified from flight data. One of the control
systems utilizes LQR type gain determination that aims to minimize structural acceleration at various sensor
locations.3 In Ref. 9, an active structural control system was developed for a large flexible tiltrotor aircraft
that minimized structural motion in turbulence and also met handling quality and stability requirements.
Reducing structural motion at the pilot station was accomplished on the B-1 bomber using structural control
vanes.10 The structural model for this aircraft was identified from flight test and combined with a flight
dynamics model to give an accurate representation of aircraft dynamics.

Many forms of flight dynamics models that include aircraft flexibility have been developed. The largest
subset of these models are referred to as mean-axis models and assume a rigid-aircraft that is augmented
by structural modes.11,12,13 The structural modes must be known a-priori and are fully coupled with the
rigid-body degrees of freedom.

Multibody models have also been developed.14 Here, structural, inertial, and aerodynamic forcing from
each individual component of the aircraft are summed together, one body at a time. The resulting system is
fully coupled and the states represent motion of individual components of the aircraft. These physics-based
models have large development costs since the comprehensive solution contains structural, aerodynamic and
inertial contributions over a broad frequency range.

Simpler models may be developed under the assumption of one-way coupling between the rigid-body and
structural states.15 The identification of a large flexible transport and the original development of the model
used in this paper also employed on-way coupling.4 This hybrid-flexible model structure, later refined by
Tischler,1 is a one-way coupled representation that captures the structural dynamics in a simplified form
that is well suited to system-identification of models from flight data and finite-element modeling data.
Physics-based mean-axis and multibody models contain many highly correlated parameters, which makes
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system identification impractical. The one-way coupled hybrid-flexible models become more accurate as the
separation between the rigid-body and structural states increases. The hybrid-flexible model structure is
expected to give good results if the frequencies of the lowest structural modes are at least five times greater
than the highest rigid-body modes:1

ωmin structural

ωmax rigid-body
≥ 5 (1)

This requirement is met for many practical aircraft applications.1 The multibody or mean-axis models
may provide higher fidelity, but for flight control applications, the hybrid-flexible model captures the key
dynamics of the responses and is simpler to identify.

The final and simplest model structure is a decoupled structure, where the rigid-body and structural
dynamics are independent of each other and the structural contribution to motion at a sensor is introduced
in the outputs.3 Decoupled models have been shown to be inadequate in several practical applications.16,1

Detailed descriptions and comparisons of these flight dynamics models are given by Juhasz16 and Tischler.1

IV. Model Formulation Strategy

The model formulation process uses system identification methods to determine a hybrid-flexible flight
dynamics model. Table 1 gives the frequency separation and nomenclature for the structural and rigid-body
modes. For the example aircraft used herein, the guideline given by Eqn. (1) is nearly met for the lowest
frequency structural mode. Therefore, the hybrid-flexible model should be suitable for the identification
procedure.

Table 1. Aircraft and structural modal frequencies

Mode Damping Ratio ζ Frequency ω

Spiral - 1/Ts
Dutch-Roll ζdr ωdr

Roll - 1/Tr

First Structural ζstr1 ωstr1 × Tr = 4.5

The hybrid-flexible model structure is developed in state-space form:

{ẋ} = [A] {x}+ [B] {u} (2)

(3)

The state vector can be reorganized into parts containing rigid-body terms and parts containing structural
flexibility terms.

{x} =

{
xrb
xstr

}
(4)

The hybrid-flexible stability derivative matrix is:

A =



Static− Elastic

Stability

Derivatives

|
|
|

0 . . . 0
... 0

...

0 . . . 0

−−−−−− + −−−−−−
Rigid− Body

Coupling

Terms

|
|
|

Structural

Flexibility

Modes


(5)
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The control derivative matrix is:

B =



Static− Elastic

Control

Derivatives

−−−−−−
Structural

Mode Control

Derivatives


(6)

This model retains one-way forcing from the rigid-body states into the structural states. These terms are
referred to as rigid-body coupling terms and appear in the off-diagonal of the state matrix. Forcing effects
of the structural states onto the rigid-body states are considered quasi-static and result in the use of the
static-elastic model for the rigid-body states, and so the upper-right quadrant of the [A] matrix is zero. The
static-elastic derivatives retain static structural deflection effects on the rigid-body motion of the aircraft. For
example, the influence of trim structural deflections in the calculation of the stability and control derivatives
may include symmetric wing bending due to steady-state loads or loss of aileron effectiveness due to wing
torsional bending for aileron inputs.

The output vector is also written in standard state-space form as:

{y} = [C] {x}+ [D] {u}

The output matrix contains the influence coefficients on the structural states:

C =

[
Static− Elastic

Outputs

|
|

Influence

Coefficients

]
(7)

Structural contributions at the sensor locations are introduced in the output equations through the use of
influence coefficients (Φ), which add local displacement information due to structural motion to the output
equation to the static-elastic (se) output. Every sensor has influence coefficients available for each mode.
The larger the influence coefficient, the larger the impact of a structural mode in the response at that sensor
location.

An example flexible roll rate measurement would be as follows:

p = pse + Φp1η̇str1 + · · ·+ Φpnη̇strn (8)

V. Static-Elastic and Structural Models

The static-elastic and NASTRAN structural models that are integrated into the identified hybrid-flexible
model are described herein in greater detail. The static-elastic and flexible models are compared to ensure
they give similar mid frequency results (frequencies between the low frequency rigid-body modes and the
first structural mode).

V.A. Static-Elastic Model

The static-elastic models were derived analytically based on a standard 3-degree-of-freedom lateral/directional
linear model structure.17 The given model structure has a general formulation and is valid for any aircraft.
The specific source data for the linear model of the aircraft presented in this study include: wind tunnel
derived stability and control derivatives, DATCOM estimated rate derivatives, and design aircraft weight
and inertias. Control power “knockdowns” were applied to the roll rate (Lp) and aileron terms, based on
steady-state aeroservoelastic estimates. These knockdowns account for the effect of steady-state structural
deflections on the rigid-body stability and control derivatives and give the static-elastic derivatives. No
control power knockdown terms were applied to the yaw rate or rudder derivatives.
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V.B. Structural Model

The NASTRAN aeroelastic model is of a type commonly used for flutter and dynamic loads analysis.18

As a “stick-type” dynamic model, it is based on massless elastic bars to which distributed, lumped mass
properties and piece-wise constant stiffness are assigned. Idealized spring elements are employed to model
control surface rotational modes and local compliances between major structural components. Mass and
stiffness properties are estimated by proprietary methods used in the advanced-design phase of project
development. Variable mass items simulate different fuel and payload configurations. The complete model
for this study has 1067 nodes and 2051 elements.

The 6-degree-of-freedom simulation normally yields six rigid-body modes and flexible structural modes
up to 50Hz. For the present work, which only contains lateral-directional degrees of freedom, the three
longitudinal rigid-body modes (pitch/plunge/fore-aft) were deleted from the solution, though all of the
flexible structural modes were retained. NASTRAN multi-point constraint elements are used to coordinate
left-right control surface rotational modes, so that both symmetric and anti-symmetric aileron and elevator
modes are provided in all executions.

Unsteady aerodynamics are based on the Doublet-Lattice Method.19,20 Unsteady aerodynamics are
implemented in NASTRAN Solutions 145 (Flutter) and 146 (Dynamic Aeroelasticity). This procedure rep-
resents a planar lifting surface as a grid of trapezoidal lifting elements, or “boxes,” with velocity distributions
generated by doublet singularities. The current model has 3316 aerodynamic box elements. These aerody-
namic elements are splined to the structural nodes so that aerodynamic forces are applied to the structure
and structural motion in turn deflects the aerodynamic boxes. In the present model, the fuselage, engine
nacelles, and pylons have no aerodynamic elements applied, but in a fully-developed model such elements
would be used to help tune the zero-frequency steady-state aerodynamics to match the quasi-steady stability
derivatives. In the present case, this tuning was not undertaken.

V.C. Comparisons of Static-Elastic and Structural Models

The static-elastic model is available in state-space form. The associated conventional lateral/directional
modes are obtained from an eigenanalysis of the stability derivative matrix and the aircraft is constrained
to move within the included three degrees of freedom. Control systems can be developed for this type of
model and they can be easily used in simulations. The finite-element NASTRAN model is also in modal
form in that the airframe is only allowed to bend through retained mode shapes at known frequencies.
Measurements of the structural motion are given by frequency responses at known locations throughout
the aircraft which give magnitude and phase information at the location to an input. The work presented
here forms a hybrid-flexible state-space model from the combination of the static-elastic and NASTRAN
structural models.

In order to successfully identify the aircraft dynamics, the static-elastic and finite-element models must
be consistent with each other. Input and measurement quantities must be in the same axes system and
be defined the same way. For example, in the static-elastic model aileron inputs are positive for right-wing
trailing edge down deflections. The total antisymmetric aileron deflection is a difference between the right
and left aileron:

δail = δail wr
− δail wl

(9)

The NASTRAN finite-element data is converted to the stability axes to match the static-elastic model
conventions. Even though the models generally match very well without additional scaling, small scaling
allowances applied to the NASTRAN data ensure the models “line up” well at mid frequencies. The iden-
tification process ensures that at low frequencies the identified model matches the static-elastic response
and at high frequencies it matches the NASTRAN data. Therefore, it is important that there is a smooth
transition and that there are no discontinuities from one data set to the other. The scale factors replace
the zero-frequency tuning of the NASTRAN model from Sec. V.B and can be attributed to differences in
aerodynamic modeling between the static-elastic and NASTRAN models.

Figure 2(a) shows the roll rate response to aileron inputs of the static-elastic and NASTRAN models, and
indicates that only a very small correction is needed. Wing tip differenced vertical acceleration (Fig. 2(b))
is obtained by subtracting the left wing’s vertical response from the right wing’s, and is compared to a
calculated acceleration response taken by multiplying the static-elastic CG roll acceleration by the semi-
span and dividing by gravity. As with the roll rate, only a small correction is needed for the NASTRAN
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data.

∆nzw =
nzwr

− nzwl

2
(10)

=
ywṗse
g

(11)

Figure 3 shows a similar set of plots for rudder inputs. Yaw rate and differential fore/aft wing tip
acceleration are compared for the static-elastic and NASTRAN models. No scaling was necessary for a
majority of the NASTRAN rudder responses.
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(a) Roll rate response comparisons
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(b) Differential wing tip vertical acceleration response com-
parisons

Figure 2. Comparisons of NASTRAN and static-elastic responses to aileron inputs
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(a) Yaw rate response comparisons
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(b) Differential wing tip fore/aft acceleration response com-
parisons

Figure 3. Comparisons of NASTRAN and static-elastic responses to rudder inputs

The frequencies ranges where the different models are accurate is quite obvious from Figs. 2 and 3. There
is minimal content at low frequencies in the NASTRAN responses. Here, the static-elastic responses show
dutch-roll and roll subsidence dynamics well.

At higher frequencies, the NASTRAN model shows the complex structural dynamics while the static-
elastic model is at the response asymptotic value. The first structural mode occurs around 20 rad/sec and is
depicted in Fig. 4(a). This mode couples roll and yaw motion at the CG, meaning vertical and fore/aft wing
tip acceleration is present. The second structural mode (Fig. 4(b)) occurs around 26 rad/sec and contains
predominantly roll and antisymmetric wing bending deflections.
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(a) First NASTRAN structural mode (b) Second included NASTRAN structural mode

Figure 4. NASTRAN structural modes included in identification process

VI. Identification of a Hybrid-Flexible Lateral/Directional Model for the
Nominal Flight Condition

The coupled hybrid-flexible model for the nominal loading and speed case is identified using the frequency
domain system identification tool CIFER R©.1 The identification achieves the best possible match of the many
NASTRAN and static-elastic frequency responses for both aileron and rudder excitation. The frequency
response functions generated from the NASTRAN model are listed in Table 2 and the associated sensor
locations are also shown in Fig. 4(a).

Table 2. Sensor locations used in identification process

Name Response(s) used in identification procedure

IRS
Location of aircraft’s inertial reference system (IRS) sensors mounted near the aft

wing spar. Contains angular rate and linear acceleration measurements

Nose Lateral linear acceleration at nose

Tail Lateral linear acceleration at tail

Wing Tip (∆nw) Differential vertical and fore/aft wing tip linear acceleration

The CIFER R© identification method minimizes a coherence weighted cost function based on the error
between the frequency responses of the identified model and those of the NASTRAN and static-elastic
models. In the current application the responses are all from simulation, so the coherence is set to unity. The
free parameters in the state-space model structure of Eqns. (5)-(7) serve as the unknowns in the optimization
process.

A numerical sensitivity analysis is conducted within CIFER R© to determine the Insensitivity and Cramer-
Rao values of parameters.1 The insensitivity of a parameter is the measure of that parameter’s importance
in the chosen model structure. Parameters with high insensitivity may be set to zero and removed from
the model structure without any effect on the accuracy of the solution. The goal is to determine a model
structure where parameter insensitivities are less than 10%.1

Ii ≤ 10% (12)

If several insensitivities are slightly higher than 10%, there is no expected loss in the reliability of the solution.
In CIFER R©, the Cramer-Rao bounds are a reliable measure of 1σ parameter accuracy. Parameters

with low Cramer-Rao bounds are identified with great confidence and are key to the solution accuracy.
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Parameters with high Cramer-Rao bounds are correlated with other parameters in the identification. If
good initial guesses are available, these correlated parameters may be fixed at the known values. Otherwise,
these parameters may be set to zero and dropped with no loss of modeling accuracy. The parameters are
identified very well if the Cramer-Rao bounds are less than 20%.1

CRi ≤ 20% (13)

If several Cramer-Rao bounds are slightly higher than 20%, there is no expected loss in the reliability of the
solution.

An example lateral/directional hybrid-flexible model including one structural mode has the following
form from Eqns. (5)-(7):

x =
{
v p r φ η̇ η

}T
(14)

ysens =
{
psens rsens

}T
(15)

A =



Y v Y p Y r g | 0 0

Lv Lp Lr 0 | 0 0

Nv Np Nr 0 | 0 0

0 1 0 0 | 0 0

−−−−−−−− + −−−−−−−−−
ηv1 ηp1 ηr1 0 | −2ζstr1ωstr1 −ω2

str1

0 0 0 0 | 1 0


(16)

B =



Yδail Yδrud
Lδail Lδrud
Nδail Nδrud

0 0

−−−−−
ηδail1 ηδrud1

0 0


(17)

For the sample roll and yaw rate outputs at a given sensor location, the influence coefficients are implemented
as:

C =

[
0 1 0 0 | Φpsens1 0

0 0 1 0 | Φrsens1 0

]
(18)

Since the static-elastic rigid-body model is known, it is held fixed in the upper left quadrant. The static-
elastic control derivatives are also held fixed. Initial values for the structural frequency can be well estimated
from the NASTRAN responses (Fig. 1) and an initial value of structural damping can be set to a minimal
value (e.g. ζ = 0.02). These are placed in the lower-right quadrant of the stability derivative matrix. The
rigid-body coupling terms, influence coefficients, and structural control derivatives are not known, so they
are initialized to be zero. A model including a single structural mode is identified first. Once this model is
determined, a model including two modes is identified.

VI.A. Identification of a Hybrid-Flexible Model Including the First Structural Mode

Table 3 summarizes the frequency response pairs used in the identification and the frequency range of the fit
for each response. The maximum frequency for identification was chosen to be just above the first structural
mode frequency. Including frequencies much above the first mode would allow higher frequency structural
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modes to impact the solution, degrading the results. Following Ref. 1, the frequency ranges of the responses
must satisfy the guideline:

ωmax
ωmin

≥ 2 (19)

It is seen in Table 3 that this guidelines is met. Since the static-elastic control and stability derivatives are
fixed, the low frequency dynamics of the identified model are equal to the static-elastic model. Therefore,
low frequency (quasi-static) responses do not need to be included in the identification process.

Table 3. Structural mode responses and frequency ranges for
model identification including only the first structural mode

Output Input Response Name ωmin ωmax

pIRS Aileron pIR/ail 10 21

rIRS Aileron rIR/ail 10 21

nyIRS
Aileron ayIR/ail 10 21

nyNose Aileron ayNs/ail 10 21

∆nzW
∗ Aileron azDW/ail 10 21

rIRS Rudder rIR/rud 10 21

nyIRS Rudder ayIR/rud 10 21

nyNose Rudder ayNs/rud 10 21

nyTail
Rudder ayT l/rud 10 21

∆nzW
∗ Rudder azDW/rud 10 21

∆nxW
∗ Rudder azDW/rud 10 21

∗Created from differencing individual wing accelerometer mea-
surement, Eqn. (10)

The identified responses are compared with the static-elastic and NASTRAN responses in Fig. 5. A
more complete set of responses, including additional off-axis responses, will be shown for the identification
including two structural modes. The identified model, combining both static-elastic and NASTRAN dynam-
ics, captures the dynamics well up to the first structural mode for all the responses. Since the static-elastic
derivatives were fixed in the identification, the low frequency rigid-body dynamics match exactly with the
static-elastic model. Both aileron responses show strong influence of the the first structural mode (Figs. 5(a)
and 5(b)). The mode also shows up well in the nose (Fig. 5(e)) and wing tip (Fig. 5(f)) responses to rudder
as these sensor locations have large modal deflections. The structural mode does not have much influence
in the yaw rate response at the IRS sensor, as can be seen in Fig. 5(c). This is because the IRS sensor is
located on a angular node for the mode (see Fig. 4(a)).

The cost functions for the final design are given in Table 4. The fairly limited frequency range of interest
for the identification leads to an amplification of the costs for some of the structural responses, although the
average cost of Jave = 73 well meets the guideline for good modeling accuracy: Jave < 100,1 consistent with
the good agreement seen in the frequency response plots.

The final identified parameter values are suppressed due to the proprietary nature of the data, but
Cramer-Rao and insensitivity values for each parameter are shown in Table 5. The results are well within
the guidelines given by Eqns. 12 and 13, indicating a reliable model. This table shows two of the rigid-body
coupling terms (ηv1 and ηp1) were eliminated in the identification. The first structural mode is predominantly
excited by yaw rate, therefore the lateral velocity and roll rigid-body coupling terms were not well identifiable.
The influence coefficients (Φ) are left free. Only one control derivative was left free. For a single structural
mode, the structural control derivatives are fully correlated with the influence coefficients. The response
at the structural frequencies may be changed either by altering the control derivative (overall structural
excitation) or the influence coefficient for a response (magnitude of structural response at sensor). Since the
first structural mode is mainly excited by the rudder, the aileron control derivative (ηδail1) was fixed at unity.
The influence coefficients are then set by the aileron response and the correlation problem was eliminated.
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(a) Roll rate response to aileron at the IRS sensor
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(c) Yaw rate response to rudder at the IRS sensor
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(d) Roll rate response to rudder at the IRS sensor
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(e) Lateral acceleration response to rudder at the nose
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(f) Differential wing tip fore/aft acceleration response to rud-
der

Figure 5. Identified model results including one structural mode
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Table 4. Identification Costs for First Structural Mode Model

Response Cost

pIR/ail 79.07

rIR/ail 148.5

nyIR/ail 18.39

nyNs/ail 79.9

nzDW/ail 124.1

rIR/rud 149.9

nyIR/rud 12.81

nyNs/rud 72.75

nyT l/rud 62.46

nzDW/rud 47.52

nxDW/rud 3.903

Jave 72.66

Table 5. Cramer-Rao and Insensitivity Values for Identification of First Structural Mode Model

Engineering CR Insens.

Symbol (%) (%)

ηv1
b − −

ηp1
b − −

ηr1 14.14 6.044

2ζstr1ωstr1 3.665 1.325

ω2
str1 0.4934 0.2025

ηδail1
a − −

ηδrud1
3.635 1.293

ΦpIRS1 7.238 3.43

ΦrIRS1 5.682 2.643

ΦnyIRS1 4.134 1.794

ΦnyNose1 4.108 1.811

ΦnyTail1 21.34 10.47

Φ∆nzw1 2.592 1.088

Φ∆nxw1 6.767 2.802

a Fixed parameter
b Eliminated parameter
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VI.B. Identification of a Hybrid-Flexible Model Including Two Structural Modes

The second identified structural mode, Fig. 4(b), is a wing antisymmetric wing bending mode excited mainly
by the ailerons.

The inclusion of the second mode is identical to that of the first structural mode. Two additional states
are added to the state vector. Another set of rigid-body coupling terms and influence coefficients are also
added. The identification process was initialized using the results from the single structural mode model.
These parameters were first fixed at their original value and the parameters of the second structural mode
were optimized. Once the solution converges to an initial set of parameters for the second mode, the first
mode’s parameters are also freed and the entire model is reconverged.

The frequency response pairs are summarized in Table 6. The frequency ranges presented for the aileron
inputs include both the first and second structural modes, increasing the frequency range of the model to
well above the guideline in Eqn. (19). The frequency ranges of identification for the rudder responses remain
limited to the first structural mode (about the same as Table 3) since the second mode has little influence
on the responses.

Table 6. Structural mode responses and frequency ranges for
model identification including two structural modes

Output Input Response Name ωmin ωmax

pIRS Aileron pIR/ail 10 28

nyIRS Aileron ayIR/ail 10 28

nyNose
Aileron ayNs/ail 10 28

∆nzW
∗ Aileron azDW/ail 10 28

rIRS Rudder rIR/rud 10 22

nyIRS Rudder ayIR/rud 10 22

nyNose
Rudder ayNs/rud 10 22

∆nzW
∗ Rudder azDW/rud 10 22

∆nxW
∗ Rudder azDW/rud 10 22

∗Created from differencing individual wing accelerometer mea-
surement, Eqn. (10)

The aileron responses including the two identified structural modes are shown in Fig. 6. Both structural
modes are well identified in the roll rate and differential vertical wing tip acceleration responses, Figs. 6(a)
and 6(e), respectively. These are the dominant responses in the roll axis. Both modes are also well identified
in the other responses. The rudder responses are shown in Fig. 7. The lack of excitation of the second mode
by the rudder is apparent in all of the NASTRAN responses and is the reason for removal of the control
derivative for this mode from the model. The dominant structural mode in these responses is the first mode
identified previously.

Costs for each input/output pair are given in Table 7. Overall, the average cost of Jave = 67 is reduced as
compared to the single mode model, indicating excellent agreement that is again well within the recommended
guidelines and consistent with the plotted results. Larger costs for the pIR/ail (Fig. 6(a)) and rIR/rud
(Fig. 7(b)) responses are predominantly due to phase differences between the identified and NASTRAN
models at frequencies above the second structural mode. Higher frequency structural modes which are not
included in the identification may impact the phase response, giving the larger error.

The final identified model Cramer-Rao values and insensitivities of the parameters are shown in Table 8.
The second structural mode is dominated by roll motion and so the ηp2 rigid-body coupling term was the only
one with acceptable insensitivity and was retained. The remaining rigid-body coupling derivatives for the
model were insensitive and were therefore dropped from the identification. Since the mode does not appear in
rudder responses the rudder control derivative was removed. The mode’s aileron control derivative was fixed
at unity as before in order to remove correlation between the control derivative and the influence coefficients.
The final model again shows low insensitivities and high accuracy for all the parameters, indicating a very
reliable model. The rigid-body coupling parametric ηp2 has a slightly elevated Cramer-Rao bound, but the
overall identification is still within guidelines since it is the only parameter that is elevated.
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(a) Roll rate response at the IRS sensor
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(b) Yaw rate response at the IRS sensor
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(c) Lateral acceleration response at the IRS sensor
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(d) Lateral acceleration response at the nose
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(e) Differential wing tip vertical acceleration response

−40

−20

0

20

40

M
ag

ni
tu

de
 [d

B
]

Wing ∆ nx/δ
a
 [g/rad−ail]

 

 

ω
str1

ω
dr

ω
str2

−180

−90

0

90

P
ha

se
 [d

eg
]

Frequency [ω/ω
Ref

]

Static−Elastic
2 Mode ID Result
NASTRAN

(f) Differential wing tip fore/aft acceleration response

Figure 6. Identified nominal model results for aileron inputs including two structural modes
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(a) Roll rate response at the IRS sensor
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(b) Yaw rate response at the IRS sensor
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(c) Lateral acceleration response at the IRS sensor
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(d) Lateral acceleration response at the nose
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(e) Differential wing tip vertical acceleration response
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(f) Differential wing tip fore/aft acceleration response

Figure 7. Identified nominal model results for rudder inputs including two structural modes
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Table 7. Identification Costs of Two Structural Mode Model

Response Cost

pIR/ail 157.7

nyIR/ail 100.9

nyNs/ail 50.04

nzDW/ail 54.42

rIR/rud 108.5

nyIR/rud 24.49

nyNs/rud 46.9

nzDW/rud 44.82

nxDW/rud 10.96

Jave 66.51

Table 8. Cramer-Rao and Insensitivity Values for Identification of Two Structural Modes

Engineering CR Insens.

Symbol (%) (%)

ηv1
b − −

ηp1
b − −

ηr1 9.302 3.798

2ζstr1ωstr1 3.787 1.463

ω2
str1 0.4781 0.1975

ηδail1
a − −

ηδrud1
3.77 1.177

ηv2
b − −

ηp2 26.18 11.27

ηr2
b − −

2ζstr2ωstr2 7.708 3.337

ω2
str2 0.4624 0.1896

ηδail2
a − −

ηδrud2
b − −

ΦpIRS1 8.329 3.932

ΦpIRS2 6.316 2.972

ΦrIRS1 7.774 3.323

ΦrIRS2
b − −

ΦnyIRS1 4.015 1.668

ΦnyIRS2 7.148 3.171

ΦnyNose1 3.91 1.63

ΦnyNose2 7.47 3.406

ΦnyTail1
b − −

ΦnyTail2
b − −

Φ∆nzw1 3.099 1.243

Φ∆nzw2 5.569 2.531

Φ∆nxw1 6.339 2.531

Φ∆nxw2
a − −

a Fixed parameter
b Eliminated parameter
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VII. Identification of a Hybrid-Flexible Lateral/Directional Model for the
Off-Nominal Condition

A hybrid-flexible model with two modes is now identified for the off-nominal flight condition to demon-
strate the generality of the method and highlight the changes in model behavior with flight condition. The
off-nominal flight condition shown in Fig. 1 has large differences in both the low frequency rigid-body re-
sponse and the structural response when compared to the nominal case. The same structural modes will be
identified as for the nominal flight condition. The nominal model including two structural modes is used to
provide an initial guess at the coupling parameters. The structural peaks occur at different frequencies, so
the fit range is modified accordingly as shown in Table 9.

Table 9. Off-Nominal structural mode responses and frequency
ranges for model identification including two structural modes

Output Input Response Name ωmin ωmax

pIRS Aileron pIR/ail 10 24

nyIRS
Aileron ayIR/ail 10 24

nyNose Aileron ayNs/ail 10 24

∆nzW
∗ Aileron azDW/ail 10 24

rIRS Rudder rIR/rud 10 18.5

nyIRS Rudder ayIR/rud 10 18.5

nyNose
Rudder ayNs/rud 10 18.5

∆nzW
∗ Rudder azDW/rud 10 18.5

∆nxW
∗ Rudder azDW/rud 10 18.5

∗Created from differencing individual wing accelerometer mea-
surement, Eqn. (10)

The aileron responses are shown in Fig. 8. Both structural modes are well identified in the dominant roll
rate and differential vertical wing tip acceleration responses, Figs. 8(a) and 8(e), respectively. The modes
also appear well in the off-axis responses.

The rudder responses are shown in Fig. 9. As with the nominal case, the lack of excitation of the second
mode by the rudder is apparent in all of the NASTRAN responses. The dominant structural mode in these
responses is the first mode.

Final costs are shown in Table 10. The overall cost of Jave = 30 is lower than either nominal case,
resulting in an excellent identification result. The largest cost is for the lateral acceleration response at the
nose to aileron inputs (Fig. 8(d)), which has large coupling to higher frequency modes.

The individual parameter Cramer-Rao and insensitivity values are given in Table 11 and show a reliable
model with very low Cramer-Rao and insensitivity values. For the first structural mode, the same coupling
exists as for the nominal case. For the second structural mode, all rigid-body coupling parameters were
dropped, meaning for the off-nominal loading configuration, the second mode is excited solely by control
inputs.
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(a) Roll rate response at the IRS sensor
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(b) Yaw rate response at the IRS sensor
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(c) Lateral acceleration response at the IRS sensor
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(d) Lateral acceleration response at the nose
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(e) Differential wing tip vertical acceleration response
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(f) Differential wing tip fore/aft acceleration response

Figure 8. Identified off-nominal model results for aileron inputs including two structural modes
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(a) Roll rate response at the IRS sensor
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(b) Yaw rate response at the IRS sensor
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(c) Lateral acceleration response at the IRS sensor
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(d) Lateral acceleration response at the nose
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(e) Differential wing tip vertical acceleration response
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(f) Differential wing tip fore/aft acceleration response

Figure 9. Identified off-nominal model results for rudder inputs including two structural modes
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Table 10. Identification of Off-Nominal Model with Two Structural Modes

Response Cost

pIR/ail 18.13

nyIR/ail 15.61

nyNs/ail 84.94

nzDW/ail 13.88

rIR/rud 69.07

nyIR/rud 14.73

nyNs/rud 19.34

nzDW/rud 23.86

nxDW/rud 12.77

Jave 30.26

Table 11. Identification of Off-Nominal Model with Two Structural Modes

Param. CR (%) Insens. (%)

ηv1
b − −

ηp1
b − −

ηr1 15.89 7.215

2ζstr1ωstr1 3.902 1.696

ω2
str1 0.2698 0.1174

ηδail1
a − −

ηδrud1 3.56 1.085

ηv2
b − −

ηp2
b − −

ηr2
b − −

2ζstr2ωstr2 8.683 3.735

ω2
str2 0.3876 0.1736

ηδail2
a − −

ηδrud2
b − −

ΦpIRS1 4.923 1.993

ΦpIRS2 6.72 2.633

ΦrIRS1 6.469 2.597

ΦpIRS2
b − −

ΦnyIRS1 3.795 1.69

ΦnyIRS2 8.959 4.16

ΦnyNose1 3.289 1.465

ΦnyNose2 10.45 4.799

ΦnyTail1
b − −

ΦnyTail2
b − −

Φ∆nzw1 3.111 1.32

Φ∆nzw2 3.888 1.756

Φ∆nxw1 6.006 2.419

Φ∆nxw2
a − −

a Fixed parameter
b Eliminated parameter
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VIII. Flight Control Application

The examples of flight control system design show the importance of a coupled model that includes
structural degrees of freedom.

VIII.A. Generic Notch Filter Design Example

Notch filters are included in flight control systems to attenuate the excitation of structural modes. Typical
notch filters are of the form:

N(s) =
s2 + 2ζnumωstrs+ ω2

str

s2 + 2ζdenωstrs+ ω2
str

(20)

For low frequency structural modes, the notch filters impact the stability margins in the rigid-body frequency
range. To demonstrate this impact, a sample aircraft with a characteristic 1/s broken loop response and
a crossover frequency (ωc) at 3 rad/sec is shown in Fig. 10(a). A rigid aircraft, as well as aircraft with
structural modes at 20, 30, and 40 rad/sec are shown. The structural modes themselves do not greatly
impact the dynamics around the crossover frequency, but desired gain margins at structural frequencies are
not met.
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Figure 10. Impact of structural modes on the broken loop response

The structural modes are next attenuated with optimized notch filters to provide exactly 9 dB gain
margin at structural frequencies (Fig. 10(b)) as per design standards.21 If both gain and phase stabilization
is used, MIL-DTL-9490E22 recommends increased gain and phase margins to 8 dB and 60 deg at and above
structural frequencies to account for modeling uncertainty.

Table 12 gives the reductions in phase margin at the crossover frequency due to the notch filters. At lower
structural frequencies, the structural mode shows up prominently in the broken loop response, and a larger
notch filter is needed. This large notch filter has a direct negative impact on the phase response at crossover.
At structural frequencies of 20 and 30 rad/sec, the the phase loss is over 5 deg., giving a substantial impact
on the control system. At 40 rad/sec, the phase loss is less than 4 deg. The lower the structural mode
frequency, the more critical it is to include the mode in the initial compensator design process.

A more generalized design approach applies notch filters with large magnitude attenuation, leading to
more phase degradation at crossover than necessary. Using a flexible aircraft model allows for optimal notch
filter selection.

This simple example shows that if there are structural modes below 30 rad/sec, they may have a tractable
impact on the control system. Inclusion of these modes in a model would be beneficial from a control system
design standpoint.
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Table 12. Stability margin degradation due to
notch filters in flexible aircraft

Modal Frequency Phase Loss at ωc (deg)

Rigid N/A

20 rad/sec 10.8

30 rad/sec 5.9

40 rad/secl 3.5

VIII.B. Control System Comparisons for the Static-Elastic and Hybrid-Flexible Models

Control system comparisons are given for the nominal static-elastic model and the identified hybrid-flexible
model that includes two structural modes. An initial feedback gain set was determined using an LQR
methodology based on a selected crossover frequency.21,23 The feedback measurements available are β, β̇,∫
β, p, and φ. This gain set was determined for the static-elastic mode and then applied on the identified

hybrid-flexible model. A nominal notch filter is applied on both axes in the hybrid-flexible model to reduce
the negative effects of the structural peak on the broken loop response. All responses include actuator
dynamics.

The broken loop responses for the lateral and directional axes are shown in Fig 11. The stability margins
in the rigid-body frequency range are adequate. However, there are additional peaks at the structural
frequencies which significantly impact gain margins. The notch filters reduce these peaks and improve
stability.

The Nichols plots of these same responses are shown in Fig. 12. The “exlusion zone” represents com-
binations of gain and phase margins which are close to the instability point. The phase and gain margin
requirements at structural frequencies increase to 60 deg of phase margin and 8 dB of gain margin.22 Other
design requirements may include 9 dB of gain margin over all structural frequencies.21 These increases
account for the increased uncertainty of the response at the structural modes. The structural exclusion zone
as well as the -9 dB line are shown in the Nichols margins plots. The traditional static-elastic design gives
no impression of reduced stability at structural frequencies. Without the notch filters, the flexible design
crosses the exclusion zone and -9 dB line at the structural frequencies, indicating poor stability robustness.
When the notch filters are added, the “robustness” of the system is restored and both the exclusion zone and
-9 dB crossings are again avoided. The reduction in phase margins due to the notch filters is apparent in the
Nichols plots, further motivating the careful notch filter selection available with a flexible aircraft model.
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Figure 11. Broken loop response comparisons

The loop gain in each axis was varied and the resulting root locus plots are shown in Fig. 13. The
static-elastic design for both axes incorrectly predicts large gain margins. Rigid-body feedback signals are
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Figure 12. Nichols margin comparisons

seen to be generally destabilizing to structural modes. The flexible system design without notch filters has
the lowest gain tolerance before instability is threatened. The notch filters restore larger and acceptable gain
margins.

The closed loop responses are shown in Fig. 14. At low frequency all the responses are in close agreement.
At the structural frequency, the flexible model has a large excitation peak in both axes. The notch filters
reduce this peak as expected. The associate step responses are shown in Fig. 15. The closed loop static-
elastic model shows no evidence of the importance structural mode effects. In the lateral axis, there is a
large amount of structural oscillation. The notch filter does an excellent job of removing this oscillation.
The second structural mode is less excited in the sideslip response to rudder inputs.

IX. Discussion

Structural modes and notch filters below 30 rad/sec can impact the dynamics around the crossover
frequency and should be included in control system design. A state-space flight dynamics model that is
valid over a broad frequency range was identified by combining a static-elastic model and a finite-element
NASTRAN structural model. The identification strategy used a hybrid-flexible model structure where there
is one way coupling from the rigid-body states to the structural states. Two structural modes were included
in the identified model up to a frequency of 30 rad/sec. The static-elastic dynamics are accurate at the
rigid-body frequencies and the finite-element NASTRAN model is accurate at the structural frequencies.

The identified model’s low parameter insensitivity and Cramer-Rao percentages indicate the parameters
were identified accurately. A low average cost for the frequency response comparisons indicates that the
identified model behavior is accurate.

The identification presented uses design models for both the rigid-body and structural dynamics. As
more accurate models based on flight data become available, they can easily be substituted and the fidelity
of the identified model can be increased. The approach presented is general and not limited to be used with
any specific type of model.

A notional LQR control system was implemented to show the capability of the flexible model. With a
parametric aircraft representation, root locus and Nichols plots show the influence of the structural modes on
the control system response and can help in determining an optimal notch filter compensator with minimal
phase degradation. Conventional control system synthesis leads to retuning of the control gains after first
flight when an accurate aircraft model that includes structural effects is finally obtained. This iterative
nature is costly and inefficient and having an accurate representation of aircraft dynamics can reduce the
time required to tune the gains.

There are many applications for the identified flexible aircraft model. For example, load limiting control
laws, or control laws that improve ride-quality in turbulence could be implemented.7 Since the model is valid
for a larger frequency range, higher bandwidth (performance) control systems may be developed accurately.
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Figure 14. Closed loop frequency response comparisons
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Sensitivity studies on the location of the aircraft sensor package may also be performed to determine the
optimal location for the sensors.

X. Conclusions

Based on the work presented the following conclusions can be drawn:

1. A higher-order aircraft lateral/directional model of a business jet that is accurate up to 30 rad/sec was
developed using frequency-domain system identification techniques. This model combines quasi-static
stability and control derivatives from a wind-tunnel tuned flight dynamics model with the first two
structural modes as obtained from a NASTRAN model.

2. The hybrid-flexible model structure is well suited for system identification of flexible aircraft systems.
This model structure was identified for a nominal and off-nominal flight condition to show the gen-
eral applicability of the method developed. The required measurements for the identification are the
aerodynamic control inputs, inertial measurements, and accelerometer measurements at the wing tips,
nose, and tail.

3. Control system stability and closed-loop behavior of a business jet is strongly affected by the presence
of the lower-frequency structural modes, and these must be included in the design process. Optimal
design of notch filters can help reduce phase loss and improve system performance and can only be
achieved by using a model that accurately includes the structural modes.
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