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Design of lateral/directional control laws for a business jet was performed using a two
step optimization approach to meet a comprehensive set of stability, handling qualities,
and performance specifications. First, a linear-quadratic regulator method was employed
for preliminary design as a way to initialize the control law feedback gain values for opti-
mization. Subsequently, a multi-objective parametric optimization approach was used to
arrive at feed-forward and feedback gains that concurrently satisfy all specifications. The
specifications were divided into two tiers. The first were the key flight control and handling
qualities requirements and were used directly for optimization, while the second were used
as a check afterwards. This paper describes the control law architecture used as well as
the optimization approach, the specifications used, and the design results.

Nomenclature

α Angle-of-attack [deg, rad]
q̄ Dynamic pressure [psf]
β Angle of sideslip [deg, rad]
βcg Angle of sideslip at airplane CG [deg, rad]
βcmd Commanded sideslip [deg]
βvt Angle of sideslip of vertical tail [rad]
δf Rudder deflection [rad]
δa Aileron actuator position [deg]
δped Pedal deflection
δr Rudder actuator position [deg]
δwheel Lateral stick deflection
η Correction for flap effectiveness factor
ωc Crossover frequency [rad/sec]
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ωn Natural frequency [rad/sec]
ωbcmd Directional axis command model frequency [rad/sec]
ωb Directional axis LQR output shaping function frequency of complex-pair target zeros [rad/sec]
ωDR Dutch roll frequency [rad/sec]
ωinv Inverse model frequency [rad/sec]
ωp Lateral axis LQR output shaping function frequency of complex-pair target zeros [rad/sec]
φ Roll attitude [deg, rad]
τ Flap effectiveness factor, time delay [sec]
τcmd Command time delay [sec]
τpcmd Lateral axis command model time constant [sec]
θ Pitch attitude [deg, rad]
ζ Damping ratio [-]
ζbcmd Directional axis command model damping [-]
ζb Directional axis LQR output shaping function damping of complex-pair target zeros [-]
ζDR Dutch roll damping [-]
ζinv Inverse model damping [-]
ζp Lateral axis LQR output shaping function damping of complex-pair target zeros [-]
ab Directional LQR output shaping function real zero [rad/sec]
c Vertical tail chord length [ft]
Cl Coefficient of lift on the vertical tail
Clα Vertical tail lift curve slope [1/rad]
g Acceleration due to gravity [ft/sec2]
JLOES LOES fit cost
JMF Model following cost
K Control law gain
L Lift [lbs]
Lβ Dimensional rolling moment due to sideslip (dihedral) derivative [1/sec2]
Lδa Dimensional rolling moment due to aileron deflection derivative [rad/sec2-deg]
Lδr Dimensional rolling moment due to rudder deflection derivative [rad/sec2-deg]
Lβ̇ Dimensional rolling moment due to sideslip rate derivative [1/sec]
Lr Dimensional rolling moment due to yaw rate derivative [1/sec]
M Vertical tail root bending moment [ft-lbs]
ny Lateral acceleration [g]
Nδa Dimensional yawing moment due to aileron deflection derivative [rad/sec2-deg]
Nδr Dimensional yawing moment due to rudder deflection derivative [rad/sec2-deg]
p Roll rate [deg/sec, rad/sec]
p′ Lateral axis feedback [rad/sec]
ps Stability axis roll rate [rad/sec]
pcmd Commanded roll rate [deg/sec]
Q LQR output shaping function weight [-]
R LQR input shaping function weight [-]
r Yaw rate [deg/sec, rad/sec]
rs Stability axis yaw rate [rad/sec]
s Laplace variable
V True airspeed [ft/sec]
xvt Longitudinal distance of vertical tail from CG [ft]
y LQR output shaping function [-]
z Distance up vertical tail from root [ft]
zvt Vertical distance of vertical tail from CG [ft]
CG Center of Gravity
DRB Disturbance Rejection Bandwidth
DRP Disturbance Rejection Peak
EMF Explicit Model Following
LOES Lower Order Equivalent System
LQR Linear-Quadratic Regulator
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OLOP Open Loop Onset Point
PIO Pilot Induced Oscillation
RMS Root mean square

I. Introduction

A handling qualities optimization based approach to flight control design was previously used to generate
a smooth gain schedule for longitudinal control laws with predicted Level 1 handling qualities.1 The

optimization was driven by a comprehensive set of specification divided into two tiers. This approach was mo-
tivated by several comprehensive compendiums of flight control design experience and lessons learned, which
emphasize the importance of meeting multi-tier handling qualities and flight control criteria for improved
safety (e.g. RTO,2 Pratt3), and to avoid pilot induced oscillations (PIO) in the design phase.

This paper applies the same optimization based approach to lateral/directional control laws widely used
in industry, using a model of a small business jet in nonterminal flight phase. As with the longitudinal
control laws,1 a linear-quadratic regulator (LQR) design method using target zeros employed by Gangsaas,
et al,4 was utilized in a preliminary design phase to initialize control law gain values. This produced excellent
initial conditions for the subsequent optimization. The gains were then directly optimized while including
high order system effects such as time delays and actuator dynamics to satisfy the handling qualities and
flight control requirements using a multi-objective parametric optimization algorithm. This resulted in the
ability to optimize an entire gain schedule in a matter of hours with no manual tuning.

This paper first describes the aircraft for which this control system is designed. Next, a detailed de-
scription of the control laws is given, including a discussion of which elements in the control laws can be
modified between flight conditions, or scheduled. After a brief description of the Control Designer’s Unified
Interface (CONDUIT R©), the software used for control law optimization in this study, a description of the
handling qualities specifications used is given. Then, the optimization strategy is discussed, including a
detailed description of how LQR is used to initialize the gain values. Finally, the results are presented, first
for one flight condition, and then for the entire gain schedule, followed by conclusions.

II. Aircraft Model

The aircraft used in this study is a light business jet similar to the Cessna CitationJet 1 (CJ1), or
Model 525, shown in Figure 1. It is a twin turbofan-powered business jet which can carry three to

nine passengers. It has a maximum take-off weight (MTOW) of 10,700 lbs, a cruise speed of 389 KTAS, a
maximum range of 1,300 nm, and a service ceiling of 41,000 ft. For this study, it is assumed that the ailerons
and rudder are driven by hydraulic actuators, with a full authority fly-by-wire control system.

Figure 1. Typical light business jet–Cessna CitationJet 1 (CJ1), or Model 525.

3 of 40

American Institute of Aeronautics and Astronautics Paper AIAA-2013-4506



A. Bare-Airframe Model

In order to produce meaningful analyses and develop a good control system, a comprehensive full flight
envelope model of the aircraft dynamics is necessary. In this case, linear models of the aircraft at different
Mach, flight altitude, weight, and center of gravity (CG) combinations were estimated using DARcorporation
Advanced Aircraft Analysis software.5 Sixty-six different Mach and altitude combinations were considered,
and at each of those design points, 13 different weight and CG combinations were considered, for a total
of over 850 models. All models are for a flaps-up, gear-up cruise configurations, and are the same models
used in the previous development of longitudinal control laws.1 Figure 2(a) shows the different Mach and
altitude combinations, as well as the aircraft flight envelope.6 Figure 2(b) shows the different weight and
CG combinations, as well as the aircraft weight-CG envelope.6 Several weight/CG configurations which are
outside the envelope were used in this analysis in order to design the control laws for additional robustness.

The variation due to Mach/altitude must be considered for the purpose of gain scheduling. Figures 3(a)
and 3(b) show variations in the bare-airframe Dutch roll frequency and damping of the nominal weight/CG
configuration as a function of Mach and inverse dynamic pressure. The plots are shown as a function of 40/q̄
instead of 1/q̄ to scale the x-axis around 0-1. The Dutch roll frequency increases with increasing dynamic
pressure (decreasing 40/q̄) and is well grouped for different Mach values. Conversely, the Dutch roll damping
varies both dynamic pressure and with Mach number. Additional examples of the variations of stability and
control derivatives with loading and flight conditions are presented in Tischler and Remple.7 Due to these
variations with both dynamic pressure and Mach, both parameters will be used to schedule the control law
gains.

As the control law gains will not be scheduled with weight or CG, for the sake of simplicity, each
Mach/altitude combination is treated as a design point with a nominal loading configurations (weight =
8500 lbs, mid-CG location) marked as “Nominal” on Figure 2(b), and two off-nominal weight and CG
configurations, chosen to span the weight-CG envelope at each flight condition. The off-nominal weight
and CG configurations were chosen at each flight conditions as those with the highest and lowest Dutch roll
damping ratios. Figures 4(a) through 4(d) show the Dutch roll damping for all weight and CG configurations
at four different flight conditions. The figures show that the off-nominal configurations with the highest and
lowest Dutch roll damping vary with flight condition. At each flight condition, the two off-nominal loading
configurations with the highest and lowest bare-airframe Dutch roll damping will be used in evaluating
certain specifications to ensure control law stability and performance robustness to changes in weight and
CG.

Special consideration must also be given to the frequency of the bare-airframe Dutch roll mode. This is
because the control system’s ability to increase Dutch roll damping is largely dictated by the equivalent phase
lag in the loop, which includes contributions from time delays, anti-aliasing and notch filters, actuators, etc.
Since the control loop phase lag increases with frequency, it becomes increasingly more challenging to obtain
good closed loop damping for higher frequency Dutch roll modes.

Circled on Figure 2(b) are the two off-nominal configurations chosen for the Mach 0.3, Sea Level flight
condition: “Light”-weight = 6000 lbs, forward-CG with the highest Dutch roll damping ratio in this case,
and “Heavy”-weight = 10,800 lbs, aft-CG with the lowest Dutch roll damping ratio in this case. Figures 5(a)
and 5(b) show the range of roll rate and sideslip frequency responses for all weight and CG configurations
(grey patches) at one point design (Mach 0.3, Sea Level). Highlighted on the plots are the responses
for the nominal loading configurations and the two off-nominal loading configurations chosen for this flight
condition (“Light”-weight = 6000 lbs, forward-CG and “Heavy”-weight = 10,800 lbs, aft-CG), which bracket
the variations in the roll rate and sideslip responses for all the weight/CG configurations.

B. Vertical Tail Loads Model

In order to assess the effects of the control system on vertical tail loads (lateral shear, bending moment,
and torsion), it is important to directly incorporate a vertical tail loads model in the design process. Load
equations are generally provided by the Loads group, which have high fidelity load models, however for
this analysis a simple bending moment model was developed based on 2D airfoil strip theory and several
simplifying assumptions. The assumptions made are:

1. The lift curve slope of the vertical tail airfoil, Clα , is assumed to be constant throughout the flight
envelope.
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Figure 2. Aircraft (a) flight and (b) loading conditions and envelopes.

0 0.5 1 1.5
1

1.5

2

2.5

3

3.5

40/q̄ [1/psf]

ω
d
r
[r
ad
/s
ec
]

Dutch Roll Frequency

 

 

0 0.5 1 1.5
1

1.5

2

2.5

3

3.5

40/q̄ [1/psf]

ω
d
r
[r
ad
/s
ec
]

Dutch Roll Frequency

 

 

M0.2
M0.25
M0.3
M0.35
M0.4
M0.45
M0.5
M0.55
M0.6
M0.65
M0.7

(a)

0 0.5 1 1.5
-0.05

0

0.05

0.1

0.15

40/q̄ [1/psf]

ζ d
r
[-
]

Dutch Roll Damping

 

 

0 0.5 1 1.5
-0.05

0

0.05

0.1

0.15

40/q̄ [1/psf]

ζ d
r
[-
]

Dutch Roll Damping

 

 

M0.2
M0.25
M0.3
M0.35
M0.4
M0.45
M0.5
M0.55
M0.6
M0.65
M0.7

(b)

Figure 3. Variations in bare-airframe Dutch roll (a) frequency and (b) damping with Mach and inverse dynamic
pressure (Nominal weight/CG).
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Figure 4. Variations in bare-airframe Dutch roll damping for different loading configurations at flight conditions
(a) Mach 0.3, Sea Level, (b) Mach 0.3, 5000ft, (c) Mach 0.3, 10,000ft, and (d) Mach 0.3, 15,000 ft.
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Figure 5. Range of (a) roll rate and (b) sideslip responses to appropriate inputs across the range of
weight and CG configurations (Mach 0.3/Sea Level flight condition).

2. Tip vortices are neglected, due to the endplate effects of the fuselage below and the horizontal tail
above the vertical tail. Therefore, only two dimensional flow over the vertical tail is considered.

3. Sidewash on the tail is neglected for this analysis.

4. Only lift acting on the vertical tail is used to calculate the moment at the vertical tail root.

A higher fidelity tail loads model could be developed, which takes into account sidewash and the fact that
the horizontal tail and fuselage are not fully effective endplates by looking at the 3D vortex lattice, but such
a model is outside of the scope of this paper. Furthermore, it important to look at the trade-off between all
three vertical tail loads–lateral shear, bending moment, and torsion. However, for the purpose of this design
only the bending moment is analyzed because it is the primary driver in sizing the tail cone structure.

The root bending moment of the vertical tail is determined by integrating the lift generated by each
span-wise strip section of the tail multiplied by its moment arm from the root. First, an expression of the
lift is required. The tail generates lift from its angle-of-attack (airplane sideslip) and flap deflection (rudder
deflection). The coefficient of lift for a flapped airfoil is given as:8

Cl = Clα(α+ τηδf ) (1)

Where,

Clα is the lift curve slope of the vertical tail airfoil,

α is the angle-of-attack of the vertical tail,

τ is the flap effectiveness factor,

η is the correction for flap effectiveness factor, and

δf is the rudder deflection.

The angle-of-attack of the vertical tail is the airplane sideslip at the tail, given by:7

βvt =
v − pzvt + rxvt

V0
(2)
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Positive sideslip generates lift on the tail in the negative y-direction. Therefore α in Equation 1 equals
negative βvt in Equation 2. Combining the two equations and integrating along the vertical tail span to get
the total lift:

L =

∫ tip

root

q̄cClα

(
−βcg +

p

V0
zvt −

r

V0
xvt + τηδrud

)
dz (3)

Finally, in order to get a bending moment at the vertical tail root from the equation above, the force
must be multiplied by the distance z from the tail root. Breaking up the integral, and moving variables that
are not functions of z outside of the integral, the expression for the root moment becomes:

M = −
(
Clα

∫
cz dz

)
q̄βcg +

(
Clα

∫
czzvt dz

)
q̄
p

V0

−
(
Clα

∫
czxvt dz

)
q̄
r

V0
+

(
Clατη

∫
cz dz

)
q̄δrud (4)

Equation 4 gives the vertical tail bending moment as a function of constants dependent on the tail geometry,
the aircraft flight condition and states, and rudder deflection.

This tail load model is also used to determine the maximum allowable load on the tail. The maximum
load on the tail is assumed to be the root moment at maximum dynamic pressure and maximum sideslip
defined by the operational flight envelope, with zero rudder deflection, roll rate, and yaw rate:

Mmax = −865.56 (q̄ βcg)max (5)

From the flight envelope of the CJ1, the maximum dynamics pressure is assumed to be q̄max = 300 psf.
The maximum angle-of-sidelip at that dynamic pressure is assumed to be βcgmax = 8 deg. Therefore, the
maximum root moment is |Mmax| ≈ 36, 000 ft-lbs. This maximum tail load will be enforced as one of the
specifications used during gain optimization.

III. Control Laws

The control law architecture used in this study is referred to as “p− β”-command, i.e. stability axes roll
rate command in the lateral axis and sideslip command in the directional axis.9,10 The architecture is

shown in simple form in Figure 6. The feed-forward paths in Figure 6, are comprised of the direct wheel to
aileron path and a first-order pre-filter in the lateral axis, and a direct pedal to rudder path and a second-
order pre-filter in the directional axis. These feed-forward paths are adjusted to meet the handling qualities
requirements, while the feedback path, comprised of stability axes roll rate, sideslip, and sideslip rate, is used
to meet the stability, damping, and gust rejection requirements. Cross-feed gains, from the directional axis
feedback and feed-forward paths to the aileron actuator and from the lateral axis feedback and feed-forward
paths to the rudder actuator, are used to tune the off-axis responses to meet handling qualities and gust
rejection requirements.

As was done in the longitudinal axis,1 a direct analogy was made between the control laws shown in Figure
6 and an explicit model following (EMF) control law architecture.11 It is helpful to explore the similarities
between these two control law architectures because EMF control laws assure that the end-to-end response
follows the desired lower-order command model. This is useful for gain scheduling of the command model
and feed-forward gains, as is done here and described in Section III.A.1. Moreover, a lower-order end-to-end
response is desired, both for good handling qualities,4 and to ensure that the lower-order equivalent systems
(LOES) specifications, described in Section V, accurately predict the handling qualities of the aircraft.

The Pre-Filter blocks in Figure 6 are used as the Command Models in each axis, and are covered in
more detail in Section III.A.1. The feed-forward gains Kp, Kd, and Kff take the place of inverse models in
EMF control laws. Section VI.A will describe how these gains can be used to exactly construct a first-order
inverse model in the lateral axis and a second-order inverse model in the directional axis, in order to achieve
the full benefits of an EMF controller with the architecture used here.
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Command delays (τcmd in Figure 6), were included to enhance the control law’s model following capabil-
ities by synchronizing the command model and aircraft responses. The benefits of these delays are described
in detail in the previous longitudinal control laws paper.1

The remainder of this section will be broken down into the Design Parameters and Set Parameters of
the block diagram. Design parameters are those that are determined either by hand tuning or through
optimization, and are different for each flight condition. Set parameters are those which do not change with
flight condition, and are frozen throughout the aircraft flight envelope.

A. Design Parameters

1. Feed-Forward

The first components of the feed-forward section of the control laws are the command models, sometimes
referred to as a pre-filters. The command models represent the desired dynamics in each axis. In the lateral
axis, a first-order command model is used, consistent with the order of the primary bare-airframe response:

pcmd
δwheel

=
1

τpcmds+ 1
(6)

While in the directional axis, a second-order command model is used:

βcmd
δped

=
ω2
bcmd

s2 + 2ζbcmdωbcmds+ ω2
bcmd

(7)

Where,

τpcmd is set equal to the bare-airframe roll mode time constant, τr
ζbcmd = 0.7 to provide a well damped directional response, and

ωbcmd = ωdr to retain the good inherent Dutch roll frequency of the bare-airframe aerodynamic design
and to not overdrive the actuators.

Note that the bare-airframe roll mode time constant and Dutch roll frequency values in the command models
are selected for the nominal weight/CG configuration at each flight condition.

2. Feedback

Feedback is used to minimize the error between the commanded stability axes roll rate and sideslip and
actual aircraft responses, as well as to provide improved damping, stability, gust rejection, and robustness.
This is done with proportional and integral (PI) paths in the lateral axis, and proportional, integral, and
derivative (PID) paths in the directional axis, as well as cross-feed gains, as shown in Figure 7.

In the lateral axis, the quantity fed back and compared with commanded roll rate is a combination of
stability axis roll rate and derivative of roll attitude:

p′ =
s

s+ a
ps +

a

s+ a
φ̇ (8)

where a = 0.25 rad/sec, and φ̇ is reconstructed from inertial measurements. This ensures that the wheel
commands φ̇ in steady-state, and can be returned to the detent position for a steady turn with constant
bank angle, even if the pitch attitude is not zero.

In the directional axis the quantity fed back and compared with commanded sideslip is sideslip and sideslip
rate. Since there is no direct measurement of sideslip rate, it is reconstructed from inertial measurements:

β̇inertial = g
ny + sinφ cos θ

U
− rs (9)
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B. Set Parameters

1. Actuators

For the system modeled, the aileron and rudder actuators are represented as second-order systems with
ωn = 22.6 rad/sec, ζ = 0.7, position limits of ±15 deg, and rate limits of 36 deg/sec.

2. Flight Control Computer Delay

Accounting for all sources of delays in the block diagram is important to accurately predict the stability and
handling qualities characteristics of the control laws. The computation delay is set to half time-step (τ = 10
msec) for the assumed 50 Hz flight control computer (FCC). Additionally, the digital-to-analog sample and
hold delay is accounted for by a half time-step (τ = 10 msec) delay upstream of each actuator.12

3. Sensors and Sample Delays

Sensors are modeled as second-order systems with frequencies of ωn = 4.8 Hz on angle-of-sideslip, ωn = 8 Hz
on roll rate, yaw rate, and roll attitude, and ωn = 6.4 Hz on lateral acceleration. Additionally, each sensor
signal has a τ = 20 msec delay, to account for sampling skew and bus transport delays.12

4. Filters

The wheel and pedal input anti-aliasing filters are modeled as a first order 5 Hz lag.
Filters on the measured aircraft responses include a complementary filter on sideslip using sideslip rate

reconstructed from inertial measurements, as shown in Equation 9.
The complementary filtered sideslip, βcf , is built up such that:

βcf =
s

s2 + 2ζcfωncf s+ ω2
ncf

β̇inertial︸ ︷︷ ︸
High-Frequency Contribution

+
2ζcfωncf s+ ω2

ncf

s2 + 2ζcfωncf s+ ω2
ncf

βmeasured︸ ︷︷ ︸
Low-Frequency Contribution

(10)

where,

β̇inertial is sideslip rate reconstructed from inertial measurements (Equation 9),

βmeasured is the measured sideslip,

ωncf is the complementary filter frequency, 0.25 rad/sec in this case, and

ζcf is the complementary filter damping, 0.7 in this case.

Figure 8 shows the contribution of reconstructed sideslip, βinertial, and measured sideslip, βmeasured to the
complementary filtered sideslip. As expected, the inertial and measured components sum to 1.0, as indicated
by Equation 10 and Figure 8.

To properly capture all sources of the control law’s phase lag, structural notch filters have also been
included in the block diagram. In this example, notch filters were included on the sideslip rate feedback signal.
For the purposes of this analysis, it is assumed that the complementary filter on the sideslip signal provides
inherent high-frequency attenuation, and therefore notch filters are not required for that signal. Sample
structural mode notch filters for this class of aircraft could include notches at ωn = 5, 10, and 15 Hz, which
have been used for the notch filters in this analysis. The damping ratio for the numerator and denominator
notch filter terms are ζnum = 0.05 and ζden = 0.5, respectively, which set the depth and width of each filter.
These notch filters are assumed for this control law and aircraft to provide aeroservoelastic stability, which
requires 9 dB of gain margin from control law structural coupling.13 However, an aeroservoelastic stability
analysis that includes the coupled aircraft and structural dynamics is required for production control law
design, but is out of scope for this analysis.

A lead-lag filter is also added downstream of the notch filters to help recover some of the phase loss
associated with the notches. This was necessary in order to meet the damping ratio specification for some of
the higher dynamic pressure flight conditions. The lead-lag filter was hand tuned using several of the corner
cases of the flight envelope. The trade-off between the added phase lead at the cost of more high-frequency
gain (which can reduce gain margin) from the lead-lag filter is shown in Figure 9.
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5. Turbulence, Gusts, and Disturbances

Finally, for the purpose of evaluating the control laws gust and turbulence loads performance,14 a Dryden
turbulence model,15 as well as discrete 1-cosine sideslip gust model14 have been integrated into the block
diagram. These are included through an additional input to the bare-airframe state-space model, a Bgust
matrix, which is comprised of only the aerodynamic terms (no Coriolis or gravity terms) of the bare-airframe
state-space model A matrix. Disturbances in each response are summed into the output of the bare-airframe
block.

IV. Control Designer’s Unified Interface

The control laws described in the previous section were analyzed and optimized using the Control De-
signer’s Unified Interface (CONDUIT R©).16,17 CONDUIT R© is a commercial software tool developed by

the U.S. Army Aviation Development Directorate–AFDD in conjunction with the University Affiliated Re-
search Center, University of California, Santa Cruz. It leverages MATLAB R© to evaluate a Simulink block
diagram against a defined set of stability, handling qualities, and performance specifications, and performs
a multi-objective parametric optimization of user defined parameters in the block diagram (e.g. feedback
gains) in order to meet those specifications, while minimizing the cost of feedback (actuator usage and noise
sensitivity).

V. Specifications

A comprehensive set of stability, handling qualities, and performance specifications was chosen to drive the
optimization of the control laws. The handling qualities specifications are based on MIL-STD-1797B15

and engineering judgement, and the required stability margins are based on the military specification for
flight control systems, MIL-DTL-9490E.13 As was done in the longitudinal axis,1 the specifications were
divided into two categories–First Tier and Second Tier specifications. First Tier specifications are key flight
control and handling qualities requirements that drive the design optimization. They are evaluated at each
iteration of the control law optimization and are guaranteed to be met for an optimized design. Second
Tier specifications are those which are evaluated only at the end of the optimization. Because they are
not evaluated during the optimization, due to computational time consideration, they are not always met.
However, they are evaluated for the final optimized designs to ensure they are not grossly violated. There is
generally sufficient overlap between the First Tier and Second Tier specifications, such that the Second Tier
specifications are also met or are close to being met by the optimization process.
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A. First Tier Specifications

First Tier specifications are used to drive the optimizations and are divided into three constraint types
in CONDUIT R©. Specifications that ensure aircraft stability, such as the eigenvalue, stability margin, and
Nichols margin specifications, are categorized as hard constraints. These specifications are met during the
first phase of optimization, and cannot be violated in subsequent phases of the optimization. The stability
and Nichols margin specifications were evaluated for the loops broken at both the aileron and rudder actuators
(input robustness). Additional Nichols margin specifications were evaluated for the loops broken at the roll
rate, yaw rate, lateral acceleration, and sideslip sensors (output robustness).

The next subset of First Tier specifications contains the handling qualities specifications, which are
categorized as soft constraints and are met during the second phase of optimization. These specifications
include the LOES specifications of MIL-STD-1797B: roll mode time constant and Dutch roll damping and
frequency. As this analysis was done for up-and-away flight conditions and a medium weight aircraft, the
Category B, Class II-L boundaries were used for the MIL-STD-1797B LOES specifications.

In addition to the MIL-STD-1797B LOES specifications, four more LOES specifications were included in
the optimization. Inclusion of the first two additional LOES specifications enforces the costs of the LOES
fits7 of roll rate to aileron input to be JLOES ≤ 10 and sideslip to rudder input to be JLOES ≤ 20. A
higher cost was allowed for the sideslip response since it is higher order, however, this is still a very low
cost. Enforcing these low costs ensures that the aircraft responds as a lower order system and that the
parameters of the LOES fit very accurately capture the closed-loop dynamics of the aircraft. The third and
fourth additional LOES specifications ensure that the Dutch roll frequency and roll mode time constant of
the LOES fits are within ±20% and ±30%, respectively, of their bare-airframe values. The inclusion of these
LOES specifications prevent over driving of the actuators, by limiting how much the control system can
augment the bare-airframe modes.

The LOES fits used here are individual fits of the roll rate response to wheel input and sideslip response
to pedal input. The fits were made over the frequency range of 0.1-10 rad/sec, and the LOES transfer
functions are given below:7

p

δwheel
=

Kpe
−τps

s+ 1/τr
(11)

β

δpedal
=

Kbe
−τbs

s2 + 2ζdrωdrs+ ω2
dr

(12)

Two individual fits are used, instead of a simultaneous fit, since the responses are decoupled by design.
The remaining handling qualities specifications do not require a LOES fit. The model following cost

specifications compare the closed-loop stability axes roll rate and sideslip frequency responses with the
frequency responses of the commanded roll rate and sideslip. A cost function similar to a LOES cost is
computed based on the difference in the magnitude and phase of the responses. The comparison is done over
the frequency range of 0.1-10 rad/sec. In the lateral axis, a cost of JMF ≤ 50 was enforced for the nominal
aircraft configuration, whereas a cost of JMF ≤ 100 was enforced for off-nominal configurations. As with the
LOES cost spcification, a higher cost was allowed in the directional axis. These cost values are consistent
with guidelines for system identification of lower order equivalent models.7

The next specification is the eigen-damping specification. This specification evaluates the damping ratio
of all closed-loop eigenvalues within a specified frequency range and compares them to the minimum required
value. The minimum damping ratio requirement is a function of frequency:

ζ ≥
{

0.4 ωn ≤ 10 rad/sec

0.3 ωn > 10 rad/sec
(13)

Meeting this requirement ensures that the linear response of the aircraft to both piloted and gust inputs are
well damped, and that there are no lightly damping high-frequency modes.

The Open Loop Onset Point (OLOP) specification18 is included to evaluate the control law’s susceptibility
to Category II Pilot Induced Oscillations (PIOs). Category II PIOs are characterized by rate or position
limiting. The OLOP specification examines actuator rate limiting, which has been the cause of several
high profile accidents.18 Linear analysis methods ignore the non-linear effects of position and rate limiting.
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However, the OLOP specification is based on frequency domain describing function concepts, and is useful
to include in the design process to not push the design beyond the limits of the real aircraft.

Additional First Tier specifications concerned with ride quality are disturbance rejection bandwidth and
peak.19 Disturbance rejection is assessed by evaluating the loop sensitivity function, i.e.:

β

βdist
=

1

1 +GH
(14)

In this case, disturbance rejection was assessed for the sideslip response, as shown in Equation 14, as well as
for the roll rate response. The Disturbance Rejection Bandwidth (DRB) metric is defined as the frequency
where the magnitude curve of the sensitivity function frequency response crosses the -3 dB line. This is
the frequency below which the control system can adequately reject disturbances and is a measure of the
quickness of the system to recover from a disturbance. The Disturbance Rejection Peak (DRP) metric is
defined as is the peak magnitude of the sensitivity function frequency response, and is a good measure of
response overshoot for disturbance inputs. Figure 10 shows an example disturbance rejection response with
its associated DRB and DRP.
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Figure 10. Example Disturbance Rejection Bandwidth (DRB) and Disturbance Rejection Peak (DRP).

First Tier specifications concerned with tail loads are the gust response and the tail root moment spec-
ifications. The gust response specification evaluates the lateral acceleration response of the aircraft to a
1-cosine sideslip gust, given by:

βgust =
Kg

2
(1− cos(ωgt)) , 0 ≤ t ≤ 2π/ωg (15)

where,

Kg = 5 deg, and

ωg = ωdr.

The specification determines the resulting lateral acceleration response and ensures that the second peak is
less than or equal in magnitude to the first peak.

The tail root moment specification evaluates the tail load directly (using the model developed in Section
II.B) for a rudder kick maneuver, a 1-cosine sideslip gust (Equation 15), and for turbulence (using the Dryden
Turbulence Model). Meeting this specification ensures that the tail load does not exceed the maximum value
calculated in Section II.B.

Two minimum crossover frequency specifications are included in the optimization, as well, for both the
lateral and directional axes. These specifications ensure that the frequency responses broken at the aileron
and rudder actuators have a crossover frequencies ωc ≥ 3.5 rad/sec. Setting the minimum crossover frequency
is an alternate way to ensure the control system is robust to off-nominal configurations, rather than explicitly
including many off-nominal models in the evaluation of every specification, which is computationally intensive
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for optimization. It is especially useful in model following control law architectures such as this one, since
most of the other handling qualities specifications can be met with a properly tuned command model and
little feedback. Preliminary design, rules of thumb (e.g. Tischler, et al17), company history, or a trade-off
study1 are good ways to determine the appropriate value for minimum crossover.

The final group of First Tier specifications are used for performance optimization. These are categorized
as summed objectives, and CONDUIT R© minimizes these after all other specifications have been met. In
this case, the two specifications included in this category are crossover frequency and root mean squared
(RMS) actuator displacement for roll rate and sideslip disturbance input. Minimizing crossover frequency
and actuator usage has many benefits including minimizing potential for spillover of control energy to high-
frequency modes that can excite structural dynamics, improved stability margin robustness to uncertainty in
aircraft dynamics, minimizing closed-loop sensitivity to noise, and minimizing potential actuator saturation
and susceptibility to PIO. These specifications are referred to as the “cost of feedback” specifications, and the
best design is the one that meets all of the stability and handling qualities requirements with the minimum
cost of feedback.17

Note that the crossover frequencies in both the lateral and directional axes cannot be reduced below the
3.5 rad/sec that is enforced by the minimum crossover frequency soft objective requirements. As a result,
the final optimized designs will have crossover frequencies that are on or just above that value.

B. Second Tier Specifications

Second Tier specifications are checked at the end of the design process, but are not evaluated during the
optimization, in order to reduce optimization times. These specifications include the MIL-STD-1797B spec-
ifications on roll axis and yaw axis equivalent time delay, sideslip excursion, and roll oscillation. A roll
PIO specification from MIL-STD-1797B, which is an extension of the Smith-Geddes criteria to the lat-
eral/directional axis, is also included. In addition, the Innocenti lateral tracking criteria is included.20

A Second Tier specification on turn coordination is included which is based on Cessna guidance. This
specification requires the steady-state lateral acceleration during a steady turn to be |ny| ≤ 0.015 g.

An additional specification used to look at the decoupling of the Dutch roll response from the aircraft’s
roll response is the roll rate transfer function zero cancellation specification. This specification evaluated the
distance on the s-plane between the complex pair of zeros in the roll rate response and the Dutch roll mode
poles, and compares it against a given tolerance. When the zeros lies directly over the poles, the Dutch roll
response is eliminated from the roll response of the aircraft.

These specifications are not guaranteed to be met for the optimized design, but sufficient overlap between
these specifications and the First Tier specifications generally ensures that they are met. When Second Tier
specifications are not met in the design process, they can be moved to the First Tier and used to drive the
optimization to ensure they are met. Similarly, when First Tier specifications are found to not drive the
design, they can be moved to the Second Tier to minimize computation time.

C. Specification Summary

Table 1 lists the full set of First Tier and Second Tier specifications, as well as a brief description and source
for each. The table also shows the weight/CG configurations used to evaluate each specification, which is
described in more detail in Section VI.

VI. Optimization Strategy

At each Mach/altitude flight condition, a multi-model point optimization was performed. The multi-
model optimization includes off-nominal models (marked as “Light” and “Heavy” on Figure 2(b)) with

variations in weight and CG at each Mach/altitude flight condition. Therefore, the multiple models used are
each at the same flight condition, but with a different aircraft weight and CG position, which ensures that
the worst case bare-airframe Dutch roll damping is included. As shown in Table 1, the off-nominal models
were used to evaluate the stability and Nichols margin specifications. Additionally, the model following
specifications in both the lateral and directional axes were evaluated for the off-nominal models using relaxed
boundaries.
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Table 1. Optimization Specifications

Constraint Spec Name Description (Motivation) Domain* Source Config.**

First Tier

Hard

EigLcG1 Eignevalues in L.H.P. (Stability) S Generic N

StbMgG1 Gain and phase margins loop broken at actuators
and sensors (Stability)

F MIL-DLT-9490E L,N,H

NicMgG1 Nichols Margins loop broken at actuators and sen-
sors (Stability)

F GARTEUR L,N,H

Soft

FrqRoD4 Roll model time constant (HQ) L MIL-STD-1797B N

FrqDrD3 Dutch roll frequency (ωdr) (HQ) L MIL-STD-1797B N

DmpDrD2 Dutch roll damping (ζdr) (HQ) L MIL-STD-1797B N

ReaDrD2 ζdrωdr (HQ) L MIL-STD-1797B N

FrqRoC1 τr ±30% open-loop (HQ, Act. Activity) L Generic N

FrqDrC1 ωdr ±20% open-loop (HQ, Act. Activity) L Generic N

CosLoG1 Max LOES Cost (HQ) L Generic N

EigDpG1 Eigenvalue Damping (HQ, Loads) S Generic N

OlpOpG1 Open Loop Onset Point (PIO) F DLR N

ModFoG2 Command model following cost (HQ) F Generic L,N,H

GstRpG1 Sideslip gust response (Loads) T Generic N

DstBwG1 Dist. Rej. Bandwidth (Loads, Ride Quality) F ADS-33E N

DstPkG1 Dist. Rej. Peak (Loads, Ride Quality) F ADS-33E N

MaxMgT1 Maximum tail loads during rudder kick, gust, and
turbulence (Loads)

T Generic N

CrsMnG1 Minimum ωc ≥ 3.5 rad/sec (Robustness) F Generic N

Summed CrsLnG1 Crossover Frequency (Act. Activity) F Generic N

Obj. RmsAcG1 Actuator RMS (Act. Activity) F Generic N

Second Tier

Check Only

TdlRoD1 Roll axis equivalent time delay (HQ) L MIL-STD-1797B -

TdlYaD1 Yaw axis equivalent time delay (HQ) L MIL-STD-1797B -

OscRoD4 Roll oscillations (HQ) T MIL-STD-1797B -

CouRsD2 Sideslip excursion (HQ) T MIL-STD-1797B -

PioRoD1 Roll PIO criteria (HQ) T MIL-STD-1797B -

TrnCrC1 Turn coordination (HQ) T Cessna -

OscRoD7 Roll rate transfer function zero cancellation S Generic -

InnRoD1 Innocenti lateral tracking F Innocenti -

* F = Frequency domain specification, T = Time domain specification, L = LOES specification, S = s-plane

** N = Nominal weight/CG configuration only, L,N,H = Light, Nominal, and Heavy weight/CG configurations
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A. Feed-Forward Gains

1. On-Axis

As described in Section III, the control laws used in this study, shown in Figure 6, are analogous to explicit
model following control laws. The difference between the control architecture used in this study and model
following control laws is that the feed-forward gains in each axis take the place of the Inverse Models.
However, these gains can be used to exactly construct a first-order inverse model of the aircraft in the lateral
axis and a second-order inverse model in the directional axis. The inverse models are determined by fitting
the lower order SISO transfer function models:

p

δail
=

Kpinve
−τpinv s

s+ 1/τpinv
(16)

β

δrud
=

Kbinve
−τbinv s

s2 + 2ζbinvωbinvs+ ω2
binv

(17)

to the on-axis responses of the bare-airframe, and then inverting them.
The fit is done over a frequency range from 0.1-20 rad/sec. Figures 11 and 12 show the roll rate and

sideslip responses of the bare-airframe for one of the flight conditions, as well as their transfer function fits.
Equation 18 shows the p/δail transfer function and associated fit cost. As can be seen from Figure 11, the
LOES SISO model does not capture the coupling of the Dutch roll dynamics. This is acceptable because
when the feedbacks loops are closed, the Dutch roll response is both better damped and decoupled from the
roll response.

Equation 19 show the β/δrud transfer functions and associated excellent fit cost, indicating a very good
model.
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Figure 11. Inverse model fit of roll rate response (Mach
0.3/Sea Level flight condition; Nominal weight/CG).

p

δail
=

0.3955e(−0.0036s)

(s+ 5.275)
(18)

0.1 - 20 rad/sec, Cost = 33.5
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Figure 12. Inverse model fit of sideslip response (Mach
0.3/Sea Level flight condition; Nominal weight/CG).

β

δrud
=

0.09407

(s2 + 2(0.07864)(2.324)s+ (2.324)2)
(19)

0.1 - 20 rad/sec, Cost = 1.627

Once the parameters of the inverse models are known, they can be used along with the command model
parameters (given in Section III.A.1) to determine values for the feed-forward gains in each axis. In the
lateral axis:

Kpp = (1/τpinv − 1/τpcmd)/(Kpinv/τpinv ) (20)

Kffp = (1/τpcmd)/(Kpinv/τpinv ) (21)

and in the directional axis:

Kpβ = (ω2
binv − ω2

bcmd
)/Kbinvω

2
binv (22)

Kdβ = (2ζbinvωbinv − 2ζbcmdωbcmd)/Kbinvω
2
binv (23)

Kffβ = ω2
bcmd

/Kbinvω
2
binv (24)

Note that care has to be taken when determining the directional axis feed-forward gains for bare-airframes
with an unstable Dutch roll mode (i.e. negative ζbinv ). For those cases, the inverse plant poles are mirrored
into the left-half plane, and ζbinv remains positive. This still results in a good inverse model, since the
directional feedback loop stabilizes the Dutch roll mode. Doing this prevents right-half plane zeros in the
design due to the feed-forward gains.

2. Cross-Feed

Cross-feed gains in the feed-forward path are used to tune the off-axis responses to stick and pedal inputs.
Initial values were selected for these gains to remove non-minimum phase zeros from the off-axis responses.
This was done by considering the ratios of the proper dimensional control derivatives, as is commonly done
for aileron-to-rudder interconnects. In this case, the values were scaled by appropriate feed-forward gain:

Kffp→rud = Kffp

(
−Nδa
Nδr

)
(25)

Kffβ→ail = Kffβ

(
−Lδr
Lδa

)
(26)

However, final tuning of the feed-forward cross-feed gains is generally done using simulator testing with pilots
in the loop to determine what magnitude of off-axis responses are required for good handling qualities.
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B. Feedback Gains

1. On-Axis

Feedback gains are optimized by CONDUIT R© to meet the many specifications described in Section V, while
minimizing actuator RMS and crossover frequency. Note however, that the crossover frequency has an
enforced minimum value of 3.5 rad/sec. To increase convergence speed, it is important to have a good initial
guess of the feedback gain values, especially when optimizing a large number of cases for an entire gain
schedule. Initial values for the feedback gains are determined in preliminary design using the LQR method
employed by Gangsaas, et al,4 which will be described here in detail.

The first step in the LQR optimization is to generate a lower order synthesis model. The LQR synthesis
model only includes the aircraft dynamics, as well as the aileron and rudder actuator dynamics and lateral
and directional command model dynamics and two output shaping functions. This model excludes the
sensors, filters, and additional time delays included in the full block diagram.

Beginning with the three degree of freedom model of the bare-airframe rigid-body dynamics (x =
[β p r φ]T ), the actuator dynamics are added to the system. The actuator are modeled as two sec-
ond order system with ωn = 22.6 rad/sec, ζ = 0.7, and results in the following state vector: x =
[β p r φ δail δ̇ail δrud δ̇rud]

T . Next, a change of variable is made transforming the yaw rate state to
sideslip rate using a similarity transformation (x = [β p β̇ φ δail δ̇ail δrud δ̇rud]

T ).
The command models, shown in Equations 6 and 7, are then included in the synthesis model. Additionally,

an integral error state is added in the directional axis given by:∫
err =

∫
(βcmd − β) (27)

The second component of the synthesis model is made up of both the lateral and directional output
shaping functions. The shaping functions, given by:

yp =
(s2 + 2ζpωps+ ω2

p)

s
p (28)

yb =
(s+ ab)(s

2 + 2ζbωbs+ ω2
b )

s
β (29)

are weighted by the LQR algorithm. They set target zeros close to the locations of the desired closed-loop
poles, i.e., desired roll mode and Dutch roll dynamics. In this case, a second-order shaping function on roll
rate and a third-order shaping function on sideslip are used, where ζp, ωp, ab, ζb, and ωb set the target zeros.
Generally, the target zeros are treated as tuning knobs, and would be varied accordingly for each design
point. However, in this case, since the LQR approach is used only to initialize the CONDUIT R© feedback
gain optimization, the target zeros are fixed for all cases at:

ωp = 1/τr (30)

ζp = 1.0 (31)

ab = ωdr (32)

ωb = ωdr (33)

ζb = 0.7 (34)

where,

τr is the roll mode time constant of the nominal weight/CG bare-airframe at each flight condition, and

ωdr is the Dutch roll frequency of the nominal weight/CG bare-airframe at each flight condition.

These target zeros ensure that the closed-loop flight dynamics frequencies are close to the good bare-airframe
response, but with improved damping. Additionally, they ensure that the roll and yaw axis integrator gains
are of sufficient magnitude for most applications.

With the target zeros fixed, the remaining tuning knobs become the LQR weighting on the shaping
function, Q, and control weighting matrix, R. Since there are two shaping function used here and two
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controls, both Q and R are 2x2. The LQR solution then gives the feedback gain from each of the synthesis
model states to each of the two controls. Note that the resulting feedback gains on the actuator states are
generally very small and are dropped.

Beginning with small values for the diagonal elements of Q, the crossover frequency is evaluated for the
bare-airframe roll rate response with the LQR feedback gains Kp and Kφ. While the crossover frequency is
less than 3.5 rad/sec (the target crossover frequency), the value of the LQR weighting matrix Q is increased,
and the crossover frequency is re-evaluated. The resulting gains at the end of this very rapid iterative process
are used as the initial guess for the CONDUIT R© optimization.

In order to reduce the number of free parameters that the optimizer has to vary (both to reduce opti-
mization time and avoid correlation issues), the integral gain in the directional axis was constrained to the
proportional gain such that their ratio would be equal to 1/5 of the nominal crossover ωc = 3.5 rad/sec:

KIβ

Kβ
=
ωc
5

(35)

This ensures good low-frequency response tracking with minimum stability margin degradation due to the
integral function, and has been employed for both inner- and outer-loop optimizations in the past.17,21

It is possible to free the integral gain in the directional axis, although to avoid insensitivity issues,17 this
would require the inclusion of a specification that is affected by this gain. An example of such a specification
is a time domain steady-state turn coordination specification, or a steady-state tracking error specification
in the presence asymmetric yaw input such as a single engine failure. However, time domain specification
are computationally intensive, especially when run for a long simulation time as is the case for a steady-state
error specification, so this was avoided for this design study. In the lateral axis, constraining the integral
gain was not necessary, as it is an integral gain on a rate signal and not an attitude signal.

2. Cross-Feed

The cross-feed gains in the feedback path are used to eliminate contributions of the off-axis responses in the
on-axis responses, and have also been constrained in this case. In the lateral axis, the cross-feed gains (i.e.
Kβ→ail and Kβ̇→ail) are used to eliminate the Dutch roll response from the roll response, which is given by:

ṗ = Lpp+ Lδailδail + Lββ + Lβ̇ β̇ + Lδrudδrud (36)

Note that a state transformation is used to convert the yaw rate state r to sideslip rate β̇, and therefore the
roll rate response in Equation 36 contains an Lβ̇ derivative instead of the more traditional Lr derivative.

For pure lateral pilot input, the rudder is only actuated through the directional feedback loop, and is
approximated by:

δrud = −Kβ→rudβ −Kβ̇→rudβ̇ (37)

Note that for simplicity, this approximation ignores the integral sideslip feedback gain as well as the feed-
forward cross-feed gain.

Therefore, the roll rate response can be re-written as:

ṗ = Lpp+ Lδailδail + (Lβ −Kβ→rudLδrud)β + (Lβ̇ −Kβ̇→rudLδrud)β̇ (38)

The contributions of sideslip and sidelip rate from the roll rate response can be negated by feeding those
quantities back to the aileron with the following gains:

Kβ→ail = − (Lβ −Kβ→rudLδrud)

Lδail
(39)

Kβ̇→ail = −
(Lβ̇ −Kβ̇→rudLδrud)

Lδail
(40)
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Which are the augmented aircraft’s Lβ and Lβ̇ . These cross-feed gains are frozen at their values during each
iteration of the optimization based on the optimization’s value for the on-axis directional gains Kβ→rud and
Kβ̇→rud. In the directional axis, the cross-feed gain (i.e. Kp→rud) is determined in a similar way.

Several of the specifications mentioned in Section V ensure the proper selection of the cross-feed gains.
The First Tier model following cost specifications in both the lateral and directional axes ensure that the
on-axis responses in each axis match their lower-order command models. In the lateral axis, the Second Tier
roll rate transfer function zero cancellation specification evaluates the elimination of the Dutch roll response
form the roll response of the aircraft by examining the distance on the s-plane between the complex pair of
zeros in the roll rate response and the Dutch roll mode poles. Proper selection of the cross-feed gain results
in lower-order on-axis responses and near cancellation of the Dutch roll response in the roll rate response.

VII. Results

A. Point Optimization

The point optimization results shown in this section are for the Mach 0.3, Sea Level flight condition. Figures
13(a) and 13(b) show the evolution of the predicted crossover frequencies in the lateral and directional axes,
respectively, during the LQR initialization phase. As described in the previous section, the LQR weighting is
increased until the lateral crossover frequency exceeds the 3.5 rad/sec threshold. Figures14(a) through 14(e)
show the evolution of the feedback gains during the LQR initialization phase, which runs instantaneously
in MATLAB R©. Note that only on-axis feedback gains are shown here for the sake of brevity, however, the
gain schedule in Section VII.B is given for all feed-forward and feedback gains. The gain values at the end
are then used to initialize the CONDUIT R© optimization.

Figures 15(a) through 15(e) show the evolution of the design parameter values throughout the CONDUIT R©

optimization, illustrating the gain changes made by the optimizer beyond the initialized LQR solution to
meet all of the handling qualities specifications. The CPU time to run the 19 iteration to complete the
optimization takes roughly 10 minutes. As the figures show, the design parameters cease to vary in the last
three iterations, which is the criteria to stop the optimization.

Once the optimized solution is reached, a sensitivity analysis is done on the design parameters.17 Figures
16(a) and 16(b) show the insensitivities and Cramer-Rao bounds of the design parameters, respectively. All
insensitivities are well below 20%, meaning that each design parameter affects at least one of the active
specifications. Furthermore, the Cramer-Rao bounds are all less than 40%, indicating that none of the
design parameters are correlated with each other, and that the parameters are determined with good relia-
bility. These good insensitivities and Cramer-Rao bound values indicate a well posed optimization problem
statement.17
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Figure 13. Variation in (a) lateral and (a) directional crossover frequencies with LQR iteration (Mach 0.3/Sea
Level optimization).

Figures 17 and 18 show the handling qualities window for the optimized design. All of the First Tier
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Figure 14. Variation in feedback gain values with LQR iteration (Mach 0.3/Sea Level optimization).
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Figure 15. Design parameters variation with CONDUIT R© iteration (Mach 0.3/Sea Level optimization).
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Figure 16. Design parameters (a) insensitivities and (b) Cramer-Rao Bounds (Mach 0.3/Sea Level optimiza-
tion).

specifications are met within the design procedure. Several of the specifications are on the boundary, which is
the solution that meets the requirements with the minimum “cost of feedback.” In addition, the Second Tier
specifications, which are not enforced but checked, are also met, with the exception of the Innocenti lateral
tracking criteria and equivalent roll time delay, which just cross their respective Level 1/Level 2 boundaries.

Figures 19 and 20 show the broken-loop responses of the optimized nominal weight/CG configuration
at the aileron and rudder actuators, respectively. The responses both have the specified design crossover
of ωc = 3.5 rad/sec and sufficient stability margins. Figure 21 shows the lateral axis model following of
the aircraft. On the figure are plotted the roll rate command response (black line), as well as the stability
axes roll rate responses of the closed-loop system for the nominal and two off-nominal (Light and Heavy)
weight/CG configurations. The model following cost of the response, calculated over the frequency range of
interest for handling qualities taken as 0.1-10 rad/sec (red arrow on Figure 21), is JMF = 1.2 for the nominal
configuration, which indicates an excellent match between the command model and the aircraft response.
Beyond 20 rad/sec, the aircraft response diverges from the commanded roll rate response due to the presence
of actuators, filters, and time delays in the closed loop system, which are not accounted for by the lower-order
inverse model (as described in Section VI.A). Inclusion of these parameters in the inverse model is avoided
because it would result in over driving the actuators, and instead they are accounted for with the command
delays (Section III). The model following costs for the off-nominal configurations are JMF = 44.4 for the
Light configuration and JMF = 19.2 for the Heavy configuration. These values are below the specification
value of JMF ≤ 100 for off-nominal configurations and indicate that model following is robust to weight/CG
changes in the bare-airframe.

Figure 22 shows the directional axis model following of the aircraft. On the figure are plotted the sideslip
command response (black line), as well as the sideslip responses of the closed-loop system for the nominal
and two off-nominal (Light and Heavy) weight/CG configurations. As in the lateral axis, there is excellent
model following in the sideslip response in the frequency range of interest for handling qualities.

In order to assess the stability robustness at this point design, Nichols plots of the responses broken at
multiple places in the loop are evaluated for the all weight and CG configurations. Figures 23 and 24 show
the responses of the loop broken at the aileron and rudder actuators, respectively. All configurations avoid
the exclusion zone (shown in gray),22 indicating robust stability. Figures 25 through 28, show the responses
of the loop broken at the roll rate, yaw rate, lateral acceleration, and sideslip sensors, respectively. As with
the loops broken at the actuators, all configurations avoid the exclusion zone, indicating robust stability.

Figure 29 shows the Dutch roll pole locations for all weight/CG configurations at this point design. The
nominal weight/CG configuration is above the ζ ≥ 0.4 boundary of the minimum damping ratio specification.
The forward CG configurations are better damped, due to the increased static directional stability. The aft
CG configurations are slightly less damped, with the heavy-aft configuration having the lowest damping,
ζ = 0.47, which is still above the minimum damping requirement.
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Figure 17. Handling qualities window of the optimized design (1/2) (Mach 0.3/Sea Level optimization).
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Figure 18. Handling qualities window of the optimized design (2/2) (Mach 0.3/Sea Level optimization).
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Figure 23. Nichols plot broken at aileron (Mach 0.3/Sea
Level flight condition; All weight/CG configurations).
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Figure 24. Nichols plot broken at rudder (Mach 0.3/Sea
Level flight condition; All weight/CG configurations).
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Figure 25. Nichols plot broken at roll rate sensor (Mach
0.3/Sea Level flight condition; All weight/CG configu-
rations).
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Figure 26. Nichols plot broken at yaw rate sensor
(Mach 0.3/Sea Level flight condition; All weight/CG
configurations).
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Figure 27. Nichols plot broken at lateral accelera-
tion sensor (Mach 0.3/Sea Level flight condition; All
weight/CG configurations).
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Figure 28. Nichols plot broken at sideslip sensor (Mach
0.3/Sea Level flight condition; All weight/CG configu-
rations).
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Figure 29. Closed-loop pole locations (Mach 0.3/Sea
Level flight condition; All weight/CG configurations).

Figure 30 shows a lateral stick 1-second pulse response of all weight/CG configurations (dotted lines),
with the nominal configuration highlighted (solid lines). It shows that the aircraft exhibits a first-order
roll rate response, which is expected for a first-order command model. The sideslip response is small, and
meets the sideslip excursion specification from MIL-STD-1797B. Figure 31 shows the pedal step response of
all weight/CG configurations (dotted lines), with the nominal configuration highlighted (solid lines). The
sideslip response is second-order. The off-axis bank angle response can be tailored using the feed-forward
cross-feed gains. In this case, the gains were tuned to give about 1 deg of bank angle for 15 deg of sideslip.
The gains were also tuned to remove the non-minimum phase characteristic from the roll rate response to
rudder deflection.

Figure 32 shows the lateral acceleration response to a 1-cosine sideslip gust of all weight/CG configurations
(dotted lines), with the nominal configuration highlighted (solid line). The figure shows that the second peak
of the nominal configuration response is smaller in magnitude than the first, which is the load alleviation
goal enforced by the sideslip gust specification. More important though, is the direct evaluation of the tail
loads shown in Figures 33 through 35.

Figure 33 shows the vertical tail bending moment loads during a rudder kick manuever. The figure shows
the aircraft sideslip (top axis), rudder deflection (middle axis), and tail loads (bottom axis) of all weight/CG
configurations (dotted lines), with the nominal configuration highlighted (solid line). The tail loads are
well below the maximum tail load described in Section II.B. Additionally, an important characteristic of
the rudder deflection response is that the rudder does not change directions (go past zero) upon release of
the pedals at time = 5 seconds. This would cause an unacceptable spike in the tail loads, since a rudder
deflection to sustain a constant angle of sideslip actually reduces the load on the tail, as evident by the
different signs on the βcg and δrud terms in Equation 4.

Figures 34 and 35 show the vertical tail bending moment loads during a discrete 1-cosine sideslip gust
and during extreme turbulence (probability of exceedance = 1 × 10−6), respectively, for all weight/CG
configurations (dotted lines), with the nominal configuration highlighted (solid line). The tail loads are well
below the maximum tail load described in Section II.B for all configurations.

Note that only the vertical tail bending moment was considered here for illustrative purposes, however, it
is important to look at the trade-off between the three critical tail loads–lateral shear, bending, and torsion.

B. Gain Schedule

With the point design validated, a gain schedule is now determined for the full flight envelope. The results
in this section are shown for the nominal weight/CG configurations at each flight condition, unless otherwise
noted. However, the strategy of enforcing the stability margin, Nichols margin, and model following cost for
the off-nominal weight/CG configurations is still used.
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Figure 30. Time history response to a 1-second singlet
lateral stick input (Mach 0.3/Sea Level flight condition;
All weight/CG configurations).
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Figure 31. Time history pedal step response (Mach
0.3/Sea Level flight condition; All weight/CG configu-
rations).
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Figure 32. Time history of discrete 1-cosine sideslip
gust (Mach 0.3/Sea Level flight condition; All
weight/CG configurations).
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Figure 33. Time history of tail loads during rudder
kick maneuver (Mach 0.3/Sea Level flight condition; All
weight/CG configurations).
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Figure 34. Time history of tail loads during discrete
1-cosine sideslip gust (Mach 0.3/Sea Level flight condi-
tion; All weight/CG configurations).

-5

0

5

10

β
[d
eg
]

Tail Loads (Turbulence)

-2

0

2

δ r
u
d
[d
eg
]

0 20 40 60 80 100
-5

0

5
x 10

4

Time [sec]

L
oa
d
[f
t-
lb
s]

-5

0

5

10

β
[d
eg
]

Tail Loads (Turbulence)

-2

0

2

δ r
u
d
[d
eg
]

0 20 40 60 80 100
-5

0

5
x 10

4

Time [sec]

L
oa
d
[f
t-
lb
s]

Figure 35. Time history of tail loads under turbulence
(Mach 0.3/Sea Level flight condition; All weight/CG
configurations).

The gain schedule is determined using CONDUIT R© Batch mode. Each Batch case (flight condition)
is initialized as described in Section VI and optimized. Optimization takes roughly 10 minutes for each
Batch case, and the entire gain schedule can be run overnight. Once all cases have been optimized, the gain
schedule is implemented as a function of Mach and inverse dynamic pressure, 1/q̄, (plots are shown as a
function of 40/q̄ for scale). Subsequently, the gain schedule is checked for all flight condition and weight/CG
combinations, which takes several hours to run all 858 cases.

Figures 36 and 37 show the gain schedules for the lateral axis feed-forward gains. These gains are
primarily functions of the bare-airframe roll mode time constants, as shown in Equations 20 and 21. Figures
38 through 40 show the gain schedules for the directional axis feed-forward gains. These gains are primarily
functions of the bare-airframe Dutch roll frequency and damping, as shown in Equations 22 through 24.

Figures 41 and 42 show the gain schedules for the roll rate and integral roll rate feedback gains to the
aileron actuator. These gains are primarily driven by the lateral axis crossover frequency and lateral DRB
specifications, respectively, and are well grouped for the different Mach numbers, with the integral roll rate
gain splitting at the lower dynamic pressures (higher values of 40/q̄). Figure 43 shows the gain schedule for
the roll rate feedback gain to the rudder actuator. This gain is calculated as described in Section VI.B.

Figures 44 through 46 show the gain schedules for the directional feedback gains to the rudder actuator.
The sideslip rate feedback gain shown in Figure 44 is well grouped for the different Mach numbers. The
sideslip and integral sideslip gains, shown in Figures 45 and 46, respectively, have two smooth regions in
their curves, with a nonlinear break at a dynamic pressure of q̄ = 133 psf (40/q̄ = 0.3). This is because
different specifications drive the optimization in the regions below and above this dynamic pressure. For
dynamic pressures lower than q̄ = 133 psf (values of 40/q̄ above 0.3), the crossover frequency values are on
the ωc ≥ 3.5 rad/sec boundary (Figure 50), and this specification drives the directional axis gains. However,
for dynamic pressures greater than q̄ = 133 psf (values of 40/q̄ below 0.3), the eigen-damping values are on
the ζ ≥ 0.4 boundary (Figure 57), and this specification drives the directional axis gains.

Figures 47 and 48 show the gain schedules for the sideslip rate and sideslip feedback gains to the aileron
actuator. These gains are determined based on Equations 39 and 40, and are also well grouped for the
different Mach numbers. Overall, Figures 36 through 48 show the excellent overall smoothness in the gain
trends, which is important when determining a gain schedule.
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Figure 36. Lateral axis feed forward gain schedule as a
function of Mach and inverse dynamic pressure.
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Figure 37. Lateral axis feed forward gain schedule as a
function of Mach and inverse dynamic pressure.

0 0.5 1 1.5
0.9

1

1.1

1.2

1.3

1.4

40/q̄ [1/psf]

G
ai
n
V
al
u
e

Kffβ
[deg-rud/deg]

 

 

0 0.5 1 1.5
0.9

1

1.1

1.2

1.3

1.4

40/q̄ [1/psf]

G
ai
n
V
al
u
e

Kffβ
[deg-rud/deg]

 

 

M0.2
M0.25
M0.3
M0.35
M0.4
M0.45
M0.5
M0.55
M0.6
M0.65
M0.7

Figure 38. Directional axis feed forward gain schedule
as a function of Mach and inverse dynamic pressure.
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Figure 39. Directional axis feed forward gain schedule
as a function of Mach and inverse dynamic pressure.
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Figure 40. Directional axis feed forward gain schedule
as a function of Mach and inverse dynamic pressure.
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Figure 41. Lateral axis on-axis feedback gain schedule
as a function of Mach and inverse dynamic pressure.
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Figure 42. Lateral axis on-axis feedback gain schedule
as a function of Mach and inverse dynamic pressure.
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Figure 43. Lateral axis off-axis feedback gain schedule
as a function of Mach and inverse dynamic pressure.
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Figure 44. Directional axis on-axis feedback gain sched-
ule as a function of Mach and inverse dynamic pressure.
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Figure 45. Directional axis on-axis feedback gain sched-
ule as a function of Mach and inverse dynamic pressure.

0 0.5 1 1.5

0.2

0.25

0.3

0.35

0.4

40/q̄ [1/psf]

G
ai
n
V
al
u
e

KIβ→rud [deg-rud/deg-sec]

 

 

0 0.5 1 1.5

0.2

0.25

0.3

0.35

0.4

40/q̄ [1/psf]

G
ai
n
V
al
u
e

KIβ→rud [deg-rud/deg-sec]

 

 

M0.2
M0.25
M0.3
M0.35
M0.4
M0.45
M0.5
M0.55
M0.6
M0.65
M0.7

Figure 46. Directional axis on-axis feedback gain sched-
ule as a function of Mach and inverse dynamic pressure.
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Figure 47. Directional axis off-axis feedback gain sched-
ule as a function of Mach and inverse dynamic pressure.
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Figure 48. Directional axis off-axis feedback gain sched-
ule as a function of Mach and inverse dynamic pressure.

Figure 49 shows the lateral axis crossover frequency of the nominal weight/CG configurations for all flight
conditions. For all flight conditions, the crossover frequency is ωc = 3.5 rad/sec (due to the optimization
strategy of enforcing crossover frequency as both a soft constraint and as a summed objective). Figure
50 shows the directional axis crossover frequency of the nominal weight/CG configurations for all flight
conditions. For the higher dynamic pressure cases (low values of 40/q̄), the crossover frequency is above
the minimum enforced value of ωc ≥ 3.5 rad/sec. This optimized solution is reached in order to meet the
other specifications, specifically off-nominal model following cost specifications at those flight conditions as
well as the minimum damping ratio requirement. Figures 51 and 52 show the broken-loop responses of
the nominal configurations for all flight conditions for the loop broken at the aileron actuator and rudder
actuator, respectively. Highlighted on the figures is the target crossover frequency ωc = 3.5 rad/sec.

Nichols plots were used to assess the stability robustness of the gain schedule. Figures 53 and 54 show
Nichols plots of the broken loop responses of all flight conditions using all weight/CG configurations, broken
at the aileron and rudder actuator, respectively. All of the designs avoid the exclusion zones, suggesting
good robust stability.

Figures 55 and 56 show the closed-loop stability axes roll rate and sideslip responses of all flight conditions
using the nominal weight/CG configurations, respectively. The responses show the lower-order characteristic
of all of the designs.

Figure 57 shows the low-frequency (ω ≤ 10 rad/sec) minimum damping ratios of the nominal weight/CG
configuration at each flight condition. All damping ratios are above the minimum requirement ζ ≥ 0.4,
with the higher dynamic pressure cases (low values of 40/q̄) being directly on the boundary due to the
optimization strategy of minimizing crossover frequency and actuator usage (“cost of feedback”). For the
lower dynamic pressure cases (high values of 40/q̄), the damping ratio is greater than the ζ = 0.4 boundary
since higher gains were required to meet the minimum crossover frequency requirement, shown in Figure 50.

Figure 58 shows the Dutch roll poles for all weight/CG configurations at all flight conditions. For several
of the high dynamic pressure flight conditions (low values of 40/q̄), where the damping ratio of the nominal
weight/CG configurations is ζ = 0.4, there are off-nominal loading configurations with damping ratios lower
than ζ = 0.4. However, there are no unacceptably low damping ratios for any of the designs. It is possible to
include off-nominal models in the evaluation of the minimum damping ratio specification during optimization
to get the associated damping ratios above ζ = 0.4, however this was not done for this analysis.

Figures 59 and 60 show the roll rate and sideslip LOES fit costs for of the nominal weight/CG configu-
ration at each flight condition. For both axes, the designs are below the requirements, indicating that the
designs exhibit lower-order response characteristics.

Figure 61 shows the lateral acceleration response to a sideslip gust specification of the nominal weight/CG
configuration at each flight condition. As with the low-frequency damping ratio specification, the optimiza-
tion strategy of minimizing crossover frequency and actuator usage pushed the sideslip gust specification up
to the boundary.

Figure 62 shows the peak tail load during rudder kick maneuver for all weight/CG configurations at
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each flight condition. The peak tail loads are below the maximum tail load described in Section II.B for all
weight/CG configurations at all flight conditions.
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Figure 49. Lateral axis crossover frequency as a func-
tion of Mach and inverse dynamic pressure (All flight
conditions; Nominal weight/CG).
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Figure 50. Directional axis crossover frequency as a
function of Mach and inverse dynamic pressure (All
flight conditions; Nominal weight/CG).
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Figure 51. Broken loop (at aileron) frequency response
(All flight conditions; Nominal weight/CG).
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Figure 52. Broken loop (at rudder) frequency response
(All flight conditions; Nominal weight/CG).

Figure 63 shows the lateral acceleration for all weight/CG configurations at all flight conditions during a
30 deg banked turn. Plotted on the lateral acceleration axis are the ±0.015 g boundaries for turn coordination
described in Section V.B. All of the designs meet this Second Tier steady-state turn coordination requirement,
which is not included in the optimization process, validating the ratio chosen to constrain the integral sideslip
gain (Equation 35).

Figure 64 shows the sideslip excursions values of all nominal configurations at every flight condition and
associated specification boundaries. This is also a Second Tier specification, not included in the optimization
process. This specification is primarily a function of the off-axis sideslip and sideslip rate feedback to aileron
gains, which are determined based on Equations 39 and 40. The specification is met for all of the nominal
weight/CG configurations, suggesting good selection of the off-axis gains.

Figure 65 shows the closed-loop roll rate responses of all configurations and all flight conditions plotted on
the Innocenti criteria. This is also a Second Tier requirement, which is met for the majority of the designs,
suggesting sufficient overlap between this specification and the First Tier specifications.
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Figure 53. Broken loop (at aileron) Nichols plot (All
flight conditions; All weight/CG).

Figure 54. Broken loop (at rudder) Nichols plot (All
flight conditions; All weight/CG).
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Figure 55. Closed-loop stability axes roll rate response
(All flight conditions; Nominal weight/CG).
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Figure 56. Closed-loop sideslip response (All flight con-
ditions; Nominal weight/CG).
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Figure 57. Eigen damping of low-frequency modes as
a function of Mach and inverse dynamic pressure (All
flight conditions; Nominal weight/CG).
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Figure 58. Closed-loop pole locations (All flight condi-
tions; All weight/CG configurations).
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Figure 59. Roll rate response LOES cost as a func-
tion of Mach and inverse dynamic pressure (All flight
conditions; Nominal weight/CG).
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Figure 60. Sideslip response LOES cost as a function
of Mach and inverse dynamic pressure (All flight con-
ditions; Nominal weight/CG).
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Figure 61. Sideslip gust response as a function of Mach
and inverse dynamic pressure (All flight conditions;
Nominal weight/CG).
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Figure 62. Maximum vertical tail load as a function of
Mach and inverse dynamic pressure (All flight condi-
tions; All weight/CG).

Figure 63. Steady state turn coordination (All flight
conditions; All weight/CG configurations).
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Figure 64. All flight conditions plotted on the
sideslip excurions criteria (All flight conditions; Nomi-
nal weight/CG).

38 of 40

American Institute of Aeronautics and Astronautics Paper AIAA-2013-4506



Figure 65. All flight conditions plotted on the Inno-
centi Lateral Tracking criteria (All flight conditions; All
weight/CG).

VIII. Conclusions

1. Feed-forward gains were explicitly determined to achieve good handling qualities by exploiting the
parallels between the commonly used fixed-wing control laws investigated in this study and an explicit
model following architecture.

2. The LQR design method was utilized in a preliminary design phase to initialize the gains for the
follow-on CONDUIT R© multi-objective optimization. This proved very useful as a starting condition
for the optimization with nearly all of the specifications being met. Using LQR in preliminary design
also helps determine which feedback gains are sensitive and which can be dropped from the control
laws.

3. Cross-feed gains were used in both the feed-forward and feedback paths. In the feedback path, sideslip
and sideslip rate were fed back to the aileron to help decouple the roll and yaw responses. The feedback
gains of sideslip and sideslip rate to aileron were analytically determined to achieve the desired roll and
yaw decoupling. In the feed-forward path, cross-feed gains were used to tune the off-axis responses of
the aircraft. This allowed tuning of the roll response to pedal input, an important handling qualities
trait.

4. The multi-objective optimization method employed in this study proved capable in determining designs
which concurrently meet a large number of frequency- and time-domain specifications for both nominal
and off-nominal models, while minimizing over-design (i.e., most economical use of actuators and noise
sensitivity). Second Tier requirements were met by designs that were optimized for the First Tier
requirements.

5. The multi-model optimization approach used here allowed scheduling with Mach and dynamic pressure
only to meet the requirements for the range of weight/CG configurations. Furthermore, using both LQR
in preliminary design and a multi-objective optimization method to meet the specifications provided
the ability to optimize an entire gain schedule with no manual tuning or iterations, and resulted in a
smooth gain schedule.

6. A simple vertical tail bending moment model was developed to demonstrate the importance of tail load
considerations in lateral/directional control law design. The next step in the development of the control
laws presented in this paper would be to perform a high fidelity aeroservoelasticity loads analysis in
order to confirm that all the vertical tail loads stay within the appropriate bounds.
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