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Vector products

(scalar) (scalar) = scalar, (a)(b)=ab
e.g. 2(4 kg) =8 kg

(scalar) (vector) = vector,  k(4)=ki
€.9. 502%+49)=10%+20y

(vector) times (vector) = ? L
can be scalar (scalar product, or dot product) A - B

or
vector (vector product, or cross product) ;A; ¢ f;

Can you add a vector to a scalar?
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eces
0coc
The scalar product (dot product) |-
A -B=ABcos0
R-x=1=9-y=2-2
R-§=0=%-2=92
A-B=(AX+A5+Az2)(B&k+B,y+B2)
A-B=AB,+A B, +A,B,
) e.g.
€9. A=2%-2¥ What's the
- o angle between
B=3x+y - these 2 arrows?
Whatis A- B ?
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Interpretation - projection sels

(@)

B . .
Place the vectors tail to tail.
—s
A

(b) A - B equals A(B cos ¢).

(Magnitude {Jf,‘I} times (Component of B
in direction of A)

— o\
B/ \
d)l
FJt —
e A
B cos ¢b

(c) A - B also equals B(A cos ¢)

(Magnitude of B) times (Component of z}
in direction of B)

(@)

= 4N If ¢ is between
B | 0°and 90°. A - B
& | is positive ...
th ——
N e A

... because B cos ¢ = 0.

(b)

If ¢ is between 90° and 1807,
A - B is negative ...

1 7,

... because B cos ¢ << 0.

(©)

Ifp = 90°.A-B =0
5 because B has zero component
B in the direction of A.

b = 90°




Vector Algebra - Dr. Ray Kwok

Example - Work

/F
¥ |
—_ - F“Q
W =F - AX

(Projection)

— =

b, 4

So, is the uplifting force doing anything at all??
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The vector product (cross product)

‘A X E‘ = ABsin 0
XXX=0=yXxy=2Zx2Z
XXy =2Z
A A A right-hand coordinate
YXZ=X  cyclic permutation
ZXX =Y
YXX=-2Z
ZXy=-X
XXZ=-Yy

€9 A=2%-2%

B=3%+7

Whatis AxB ?

e.q.??

A x

B

(YY)
'YYX
'YX X
00
o0
®

y Z

Ay AZ

By Eg

What'’s the

angle between
these 2 arrows?
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Example — calculate torque

T =rxF
4N
40°

) 1.5 m

choose “+"” = counter-clockwise

>1, = (1.5)(4)sin(40°)
= 3.86 N-m (counter-clockwise)




Example — perpendicular F ot

>1, = (1.5)[4 sin(40°)]
= 3.86 N-m (counter-clockwise)
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Example — moment arm

Im o 1.5m

2. 1.55in(40°)

0 1.5 m

Y1, = (4)[1.5 sin(40°)]
= 3.86 N-m (counter-clockwise)
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Find:
(@)

(b)
(c)
(d)
()
(f)

(g) Angle between A and B

(h) Find a vector that is perpendicular to A and B ?

Exercise -1

o oo
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Triple vector product

scalar A-(BxC)=

xﬁ xw x:k
%Q %w %:k
NQ Nm N;:k

vector  (AxB)xC=(A4-C)B—(B-C)A# Ax(BxC)

(homework)
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OCC Orthogonal Curvilinear Coordinates

Orthogonal ¢, -¢; =0,
Curvilinear — coordinate surfaces can be curved

Cartesian, Cylindrical & Spherical coordinates

*Transformation between coordinates
Line, Area & Volume integral in each coordinate
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Rectangular < Polar (2D)

e Polar to rectangular

X=rcoso
y=rsino
e Rectangular to polar
= x%+y? (Pythagorean theorem)

tan 0 = y/x (be certain which angle is 6)
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Transformation

Nrcancfarmatianmn
iransiormation

Coordinate Variables

Unit Vectors

Vector Components

Cartesian to r= /x% 4+ y2 IF=%Xcos¢ + ysing A, = Axcos¢ + Aysing
cylindrical ¢ = tan"1(y/x) 43 = —Xsing¢ + ycos ¢ Ap = —Axsing + A, cos¢
Z=2z Z =7 A, = A,
Cylindrical to X = FCOoS¢Q X = fcos¢p — ¢sing Ax = Ay cos¢p — Ay sin ¢
Cartesian ymrsmqb y = rsing —f—&cosd) Ay = A,sin¢ + Ay cos ¢
z = Z2=13 A, = A,
Cartesian to R = \/)c2 + y2 + 72 R = %sin® cos ¢ Ar = A, sinf cos ¢
spherical + ysin 6 sin ¢ + Zcos O + Ay sinfsing 4+ A; cos6
6 =tan" [ ¥/x2 + y2/z] | 6 =.%cos 0O cos ¢ Ag = A, cosb cos ¢
+ ycos@sing — zsin 6 + Aycosf@sing — A;siné
¢ =tan"l(y/x) qAS = —Xsin¢ + ycos ¢ Ay = —Aysing + A, cos¢
Spherical to X = Rsin6 cos ¢ =R 1n9'cosqb Ay = Agsiné cos ¢
Cartesian +6 cos 6 cos ¢ — &5 sin ¢ + Apcosfcosgp — Ay sin ¢
y = Rsin@ sin ¢ ¥ =Rs 1n931nq> A, = Agsinfsin¢
+9c05951nq§ —|—$cos¢ + Agcos@sin¢g + Ay cos ¢
z = Rcosf 7z =Rcos® — B sind A; = Agrcosf — Apsiné
Cylindrical to R=r2+22 R =fsin6 + 2cos@ AR = A,sin@ + A_cos®
spherical 0 =tan"1(r/z) 6 =tcos® — Zsin6 Ag = Arcos6 — A, sinf
¢ =¢ =9 Ap = Ag
Spherical to r = Rsinf f=Rsin6 + 0 cos6 A, = Arsinf + Ay cos@
cylindrical ¢ =¢ g@ e q3 Ay = Ay
z = Rcos@ 7 =Rcos6 —@sin6 A; = Agrcosh — Ap sin b
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Vector operations s
Coordinate variables & 7.2 2 - (,b = gt 0 R’Q, ¢)

Vector representation, A =

XA, + YAy +7ZA;

tA, + @Ay +2A,

RAg +0As + @Ay

Magnitude of A, |A| =

¢/E§+A§+A§

- HAZ+ AL+ AL

A% + A% + A3

: — ‘ - - . —
Position vector O P; = Xx1 + ¥y1 + 2z1, rr + zz1, RR;,
for P(x1, y1,21) for P(r1, ¢1,21) for P(Ry, 61, ¢1)
Base vectors properties X X=y-y=z2-2=1 ft=¢-p=2-2=1 RR=0-6=0¢-¢0=1
X yV=92=2-%=0|Tt-¢p=¢-2=2-T=0 R-6=60-¢p=¢-R=0
Xxy=12 Fx¢ =12 Rx6=¢
yxz=xX $pxzZ=r 6x¢=R
Dot product, A-B = AyBy +AyBy+ A;B; | A;B,+ ApBy + A;B; ARBR + AgBg + Ag By
Xy 2 S S R 6 ¢
" Cross product, A x B = Ay Ay Ag Ar Ay A; Ar Ap Ay

Differential length, d1 =

Xdx +ydy+12dz

rdr —|—$rd¢>+idz

RdR +OR dO + $Rsin b do

Differential surface areas dsy =Xdydz ds, =rrdpdz dsg = RR?sin6 dé d¢
‘ dsy =ydx dz dsy =¢ dr dz dsg =0 Rsin6 dR d¢
ds; =Zdxdy ds, =ir drd¢ dsy =R dR db
Differential volume, dv = dx dy dz rdrdodz . R2sin6 dR df d¢
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Homework

Ch.2 -3, 5,10, 12, 13, 15, 20, 23, 26, 30,

and prove eqn-2.33  (AxB)xC =(A4-C)B—(B-C)4

Also prove that (4 x B)-(CxD)=(A4-C)B-D)-(4-D)B-C)




