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Source-free Maxwell Equations
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Wave Equation 2
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Traveling Wave
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Plane Wave :
. OF
V°E = e 3¢ Similarly for B or H field
E(f,t) = E e/ e e -~
VE=—k’E ot’
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Source-free EM wave :
E(f,t) = RE e ™ Vim in vacuum with no current source.
What is H ? VxE = §{- jkE e}
A n N TP ~KE, o
X y z H(T,t) = y—m 0 gl(@=kz)
vxE=| 2 o 9 "
0x dy 0z k \/7 =
E el 0 0 ol fMt v Yo
V X E = —J(D},Lﬁ H(I’ t) = E gl(@-k) ;r;ln:e‘(livaal‘:ie
~ . T]
VxE = §{- jkE '@} . uE
B — !.LH — S\] o ,Jj(ot=kz)
L kE o
H(T,t) = §—2 el Vi
® ~ . o
g B(f,0) = §-—el®
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EM wave properties :
~ . (1) E & H are in phase.
E(f,t) =XE e/
H(T,t) = EO gl(@kz) 2 ELHLk
T k= Bxf
Eo j((x)t—kZ)
B(I' t) = vV Index of refraction
3) E, C C
=V=—=
B, €M,
E




Plane EM Wave - Dr. Ray Kwok

Electromagnetic wave

direction of propagation
AE., 5
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Earlier exercise

ﬁ(f, t) =X0.01cos(900t +[3z) A/m in vacuum with no current source.
What is f, A, direction of propagation, E ?

o = 2xf = 900, f=143 Hz (1) E & H are in phase.

A = ¢/f = (3 x 108)/(143) = 2094 km

propagate to the —z direction (2) ElLHLK
. k=ExH
VXxH = joeE
E
E(r) =a, 3.77 cos[900t + 3(10%)z] V/m C=v
(r) = a, | (109)2] @ B
E0_
H
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Example
H(T,t) = (X0.01-§0.02)sin(10°t +Bz—0.1) A/m.  What is E ?
B=w/c=10%@3x 108 = 3.33 rad/m
(1) E&Harein phase. E(f,t)=E, sin(0’t+3.33z—0.1) V/m
_ _ _ y
2) ELHLk .
k=ExH ; E:2X+y:0.894§<+0.447§1
J5
H
EO
(3) 5=V H,2=0.012+0.022 — H_=0.022 = E/n, = E /377
0 E,=8.3V/m
E,
H, E(T,t) = 8.3(X0.894 + §0.447)sin(10°t + 3.33z—0.1)
Ny =377 Q

E(F,0) = (R7.4+93.7)sin(10°t+3.33z=0.1)  V/m



Plane EM Wave - Dr. Ray Kwok

000
0000
o000
o000
m o0
Exercise :
E(F,t) = £20cos(108t + 3z — y) V/m in non-magnetic material.
What is H ?
(1) E & H are in phase. ﬁ(f,t) _ ﬁo cos(10%t + 3z — y) A/m
— — — y 1 A 2
(2) ELHLlk k k=-32+y
k=ExH 0 ; IA{:_3§]_2:—0.949§/—0.3162
J10
H

B v=wk=108V10 = 3.16 x 107 m/s
(3) = Vv =c/n =che — g = (c/v)2 = 90

=v
B, n = V(we) = n, /e, = 377/N90 = 39.7
E, _ H, = E,/n = 20/39.7 =0.5
H, ~
=377 0 H(7, 1) = 0.5(~§0.949 — 20.316) cos(10° t + 3z — y)

H(E, t) = —(§0.475+20.158) cos(10° t + 3z —y) A/m
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EM wave properties - generalized

(1) E & H are in phase.

. 1A -
L H=—kXE
2)ELHLK n
k=ExH
Index of refraction — — A
(3) EO—V—E— C EIT]HXk
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Earlier exercise (ree space)

H(T,t) = (X0.01-$0.02)sin(10°t + Bz —0.1) A/m.  What is E ?

B=w/c=10%@3 x 108 = 3.33 rad/m

E =nHxk
E =377(X0.01-$0.02) sin(ot + Bz —0.1) X (-2)
E =(§3.77+%7.54)sin(10°t +3.332-0.1) v/m.
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Earlier exercise

E(F,t) = £20cos(108t + 3z — y) V/m in non-magnetic material.

Whatis H ?

-3Z+¥
w/k = 108/410 = 3.16 x 107 m/s
v =c/n=clNe — ¢ = (c/v)2 = 90

k
\Y

N = V(we) = Ne, = 37790 = 39.7
fi=LixE
n
= x|X20cos(10%t +3z—
= 7( N

(- 90.478 - 20.159)cos(10°t + 3z —y)  A/m
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Poynting Theorem

Work done on a charge 6q by EM force:

dW =F-d7 =8q(E + vxB): vdt
dW = 8qE - vdt

dW = (p8V)E - vdt = VE - Idt
Clcl—vj=jE-TdV

VxH=1, +gaa_]§
E'j:E'VXIjI—gE.§

V. (ExH)=H.VxE-E.-vxA™"
E Vxﬁ:ﬁ.(_uaa?}_v (ﬁxﬁ)

(Y X
'YX X
the work-energy theorem rrr
for electrodynamics ool
o
L oH _\ - OE
E-J=—uH-— -V -([ExH)-€¢E-—
H ot ( ) ot
r 12 =2
2 ot 2 ot
dw (1 aﬁ2 8E2
—=—|—= dV—-|V- E><H \Y%
dt 2 H ot at] I )d
dW  ¢1( oH*> _ OE? -
—=—|—= +€ dV —{¢\ExH)ida
dt ’ 2 H ot ° at] §( )
W _ agEM— S da
dt t T T~ Poynting Vector

/Y Power flow out of the enclosed surface
EM power stored in the volume

The decrease of the EM energy stored is to do work on
a charge or due to the net energy escape through the
surface.
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Poynting Vector

S=ExH

Magnitude gives power intensity = power/area
Direction gives direction of propagation

—

Save l 9{@[]_3_: X f—i*] Time average

2
‘ 2

o] _ E‘HO
2

T

This is similar to P = V4 (V2/Z) = 1 (122)

2
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Example 4

If solar illumination is characterized by a power density of 1 kW/m? at Earth’s surface,

find (a) the total power radiated by the sun,

(b) the total power intercepted by Earth, and
(c) the electric field of the power density incident upon Earth’s surface, assuming that

all the solar illumination is at a single frequency. The radius of Earth’s orbit around the
sun, Ry, is approximately 1.5 x 108 km, and Earth’s mean radius R is 6380 km.

(a) Average power radiated P, =S, (4nR>2) = (10%)(47w)(1.5x10')2=2.8 x 1026 W

(b) Average power intercepted Pg =S, (tRg?) = (103)(w)(6.38 x 108)2 =1.28 x 107" W

(c) Electric field intensity ...

E|
S =

ave

2n
E, =21.S... =+/2(377)(10°) =870 V/m
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Linear Polarization

y Defined by the direction of E-field. For example:
A E2
N El(f,t) =XE_, cos(wt —Pz) Horizontal polarization
E = N
X E (f,t)=JE_,cos(®wt—Pz) Vertical polarization
A linear combination of these....
y A . _»

EroraL ETOTAL = E1 + E2 is still linearly polarized

»
>

X If E,; = E,, then E;o7a IS at 45 degrees.

Any EM wave can be expressed as a linear combination of
horizontal & vertical polarized field.
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Circular Polarization

If E, & E, are 90 degrees out-of-phase, & E_, = E_.:

El(f, t) =XE_, cos(wt—Bz) Horizontal polarization
Ez(f, t)=YE_,sin(wt —Bz) Vertical polarization
E.=E, +E,

A

RHCP

\\ET(t>O) Right-Hand Circularly Polarized

Lox L
/ ~—— E(7,t) = XE_cos(ot —Bz) + YE_ sin(wt —Bz)

ET(t=0), E(f t) _ ),iE ej(g)t_ﬁz) 4 §7E ej(a)t—Bz—n/Z)
’ ’ 0 0

E(T,t)= (R — j§)E "™
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1

Linear Polarized

| | direetion o o
Circular Polarized 2™
direction of
propagation

|||||
ffffffff
.

||||||
||||||||
|||||

z
feld
R Witethe 80°
S Sy phase difference
. w If this wave were approaching
L e anobserver , its electric
;:‘ 1 .f:I I vector would appear to be
P ritating ¢loc ki se.
i | This i3 called right-

circular palarization,
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LHCP

E(f,t) = XE, cos(wt —PBz) — JE_sin(mt —Pz)
]_-j(f t) — )/iE ej(cot—Bz) + S\’E ej(wt—BZHt/Z)

E(F,0) = (R + j§)E,e'

E(t=0) '

z/// E.(t>0)

" LHCP
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Circular polarization in nature

Rose Chafer (a beetle)
& others...

Reflection from its
surface is LHCP.,
due to the helical
molecular structure
of their shells.
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Mantis Shrimp (Stomatopod Crustacean)

G
=

Able to sense LHCP & RHCP,
over a wide spectrum of color,
better than man-made instrument.

Most complex eye structure in
animal kingdom.

Fastest animal (striking) & produces
over 200 lbs of striking force !!!

Nature Photonics 3, 641-644 (2009)
Roberts, Chiou, Marshall & Cronin,

Sheila Patek at TED.com

a popular dish known as
"pissing shrimp" (f#5L4)



Plane EM Wave - Dr. Ray Kwok
y 'YX

Circular polarization in starlight

Most starlight are slightly circularly polarized.

The interstellar medium (low density dust) can produce circularly polarized
(CP) light from unpolarized light by sequential scattering from elongated
interstellar grains (with complex index of refraction) aligned in different
directions. One possibility is twisted grain alignment along the line of sight
due to variation in the galactic magnetic field; another is the line of sight
passes through multiple clouds.
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Polarizer

unpolarized

I

(0]

intensity

polarized

T

I, =%1

complex n

polarized

/

[, =1,cos’0 =% 1 cos?0

—

Linearly polarized
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Elliptical Polarization

fEy #E, E(F,t) = XE_, cos(ot —Pz) = JE _, sin(mt — Bz)

E(T,t) = (RE,, F jIE,,)e "

Or, if the phase difference is not 90 degrees
- 2 j(ot—PBz) A j(ot—Pz+9)
E(r,t)=XE_e +VE e
(T t) = (% 4 $Onld j(ot—Ppz)
E(r,t)=(xX+ye")E_ e

RHEP (5 < 0)

RHEP
LHEP

LHEP (5> 0)

Special cases:
if 6=-n/2, — RHCP
if 6=mn/2, — LHCP
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Polarization Generalization

E(T,t) = Ra e + Ja e/ P

- 2, aial ratio > 1
| v Ellipticity angle | R=— =1 circular
' | d, = linear

| 1 ellipticity angle
| tany =t — ¥ > 0 when sind >0 — LH
| ¥ < 0 when sind < 0 — RH

| a "
¢ tany, = —Y  auxiliary angle
| a 0<wy, <72

X

Rotation o o .

' sin 2y = sin(2y )sin O
angle | X 2y,
| | —/4 <y < T4
Polarization  tan 2y = tan(2y_)coso
| i | |
| ellipse | rotationangle -w2<y<w2
| d.
| Figure ' Polarization ellipse in the x—y plane, with ﬂl Y>0 ifcosd>0

- the wave traveling in the z-direction (out of the page). fi Y<0 ifcoss<0
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Polarization States
@ @_, __900 _45° 0° 45° 90°

Left circular polarization

22.5° Left elliptical polarization

0° Linear polarization

—22.5° Right elliptical polarization

—45° Right circular polarization

Polarization states for various combinations of the polarization angles (y, x) for a wave traveling out of the
page.




Plane EM Wave - Dr. Ray Kwok

XY
T
, i otionn | 335
e.g. what’s the polarization® s
E(z,t) = X3cos(ot —kz + 1t/ 6) — §4sin(ot —kz + 1/ 4)
E(Z £) = R3ei@ke+n/0) _ 5\]4ej(cot—kz+n/4—n/2)
E(Z £) = R3ei@ Km0 | 5\14ej(cot—kz+n/4—n/2+n)
E(Z £) = R3ei@Ke+n/0) | }A]4ej(cot—kz+3n/4)
E(Z,t) _ ()A(3 N }A]4ej7n/12 )ej(cot—kz+n/6)
B0 =3+ 540 oo 02
= Y §in & =sin(105°) = 0.966 >0 = >0 = LH
a, 4 cos0 =co0s(105°) =-0.256<0=7v<0
tany, =—-=— \
a, 3 RN T
\llo = 530 (,/ \\\ \\\\
sin 2 = sin(2y_ )sin 8 = sin(106°)sin(105°)
x — 340 \\\\\\1:4\\\\\\\
tan 2y = tan(2y, ) cos 0 = tan(106°) cos(105°) N
Y= 60" LHEP )
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Linear combination

Any LP EM wave can be written as linear combination of RHCP + LHCP

e.g. E(F,t)=XE_cos(mt —Pz)

ERHCP (r,t)=(X — jy)Elej(oot—Bz)
ELHCP (r, t) = ()A( + jy)EzeJ(‘”t—BZ)

E (I' t) = Equcp (r,t) + ELHCP (T, t)

( £ E)+ 9(E, —E, )i

More generally, any EM wave can be written as linear combination of RHEP + LHEP
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Exercise .

The amplitudes of an elliptically polarized plane wave traveling in a lossless,
nonmagnetic medium with & = 4 and H,,= 8 mA/m, and H ,= 6 mA/m. Determine the
average power flowing through an aperture in the y-z plane if its area is 20 m=.




